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GEOMETRY OF THE EIGENCURVE AT CM POINTS AND
TRIVIAL ZEROS OF KATZ p-ADIC L-FUNCTIONS
ADEL BETINA AND MLADEN DIMITROV
Abstract. The primary goal of this paper is to study the geometry of the p-adic eigencurve
at a point f corresponding to a weight one theta series θψ irregular at p. We show that f
belongs to exactly three or four irreducible components and study their mutual congruences.
In particular, we show that the congruence ideal of one of the CM components has a simple
zero at f if, and only if, a certain L -invariant L-(ψ-) does not vanish. Further, using Roy’s
Strong Six Exponential Theorem we show that at least one amongst L-(ψ-) and L-(ψ
−1
- )
is non-zero. Combined with a divisibility proved by Hida and Tilouine, we deduce that the
anti-cyclotomic Katz p-adic L-function of ψ- has a simple (trivial) zero at s = 0, if L-(ψ-)
is non-zero, which can be seen as an anti-cyclotomic analogue of a result of Ferrero and
Greenberg. Finally, we propose a formula for the linear term of the two-variable Katz p-adic
L-function of ψ- at s = 0 thus extending a conjecture of Gross.
Introduction
Our investigations lie at the crossroad between Iwasawa theory and Hida theory. Iwasawa
theory and its subsequent generalizations study p-adic L-functions of automorphic forms or
motives. The Iwasawa Main conjecture postulated that those generate the characteristic
ideal of an appropriately defined Greenberg-Selmer group. In the few cases where a proof is
available, comparing the orders of the trivial (or extra) zeros is quite involved and requires
additional arguments. On the other hand, Hida has extended the construction from his
seminal trilogy [21, 22, 23] to congruence modules for p-adic families of automorphic forms,
and has conjectured that the corresponding characteristic power series is generated by the
p-adic adjoint L-function of the family, and that it does not vanish at classical points of
weight at least two. Hida theory has allowed to seek understanding of the Iwasawa Main
Conjecture through the study of the geometry of p-adic eigenvarieties, and to detect even
finer local and global geometric phenomena such as intersection numbers and ramification
indices over the weight space.
Let K be an imaginary quadratic field in which the prime number p splits as (p) = pp¯.
Let ψ be a non-trivial, finite order Hecke character of K of conductor relatively prime to p.
We assume that ψ(p) = ψ(p¯), so that the weight 1 theta series attached to ψ has a unique
p-stabilization, denoted by f , and we study the conjectural relation between the congruence
power series of a Hida family containing f and its p-adic adjoint L-function. In the case of a
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CM family Θψ, the latter is essentially given by the Katz anti-cyclotomic p-adic L-function
L−p(ψ-, s) of ψ- = ψ/ψ
τ , where τ denotes a complex conjugation, and Katz’s p-adic Kronecker
Second Limit Formula implies that L−p(ψ-, s) has a trivial zero at s = 0. While the Iwasawa
Main Conjecture relates L−p(ψ-, s) to the characteristic series of a certain Iwasawa module
over the anti-cyclotomic tower of K, neither the original formulation, nor its proof by Rubin
[35], provide a formula for the orders of their common trivial zeros.
A main theme of this paper is to describe as precisely as possible the local geometry of the
eigencurve E at f and draw some arithmetic consequences, such as a criterion for L−p(ψ-, s)
to have a simple trivial zero. Our investigations pushed us to go further and propose the
following expression for the leading term of the Katz 2-variable p-adic L-function (see §4.3) :
(1) Lp(ψ-, s, s′)
?= ( logp(p¯) ⋅ s + (L-(ψ-) + logp(p¯)) ⋅ s
′) ⋅L∗p(ψ-,0) + higher order terms,
where L-(ψ-) is the anti-cyclotomic L -invariant introduced in Definition 1.9, while L∗p(ψ-,0)
is related via the p-adic Kronecker Second Limit Formula (36) to a p-adic logarithm of an
elliptic unit, which is non-zero by the Baker-Brumer Theorem.
The above formula falls outside the scope of Gross’ famous conjecture [20] on the leading
term at s = 0 of p-adic L-functions of Artin Hecke characters. Indeed, the fixed field of ψ- is
not a CM field, unless ψ- is quadratic, in which case we prove (1) up to a scalar in Q
× using
Gross’ factorization formula. In the general case, we provide the following evidence:
Theorem A. If L-(ψ-) ≠ 0, then L−p(ψ-, s) = Lp(ψ-, s,−s) has a simple trivial zero at s = 0.
Moreover, at least one amongst L-(ψ-) and L-(ψτ- ) is non-zero.
The second part is proved in Proposition 1.10 using the Strong Six Exponentials Theorem,
while the Strong Four Exponentials Conjecture would imply that L-(ψ-) ⋅L-(ψτ- ) ≠ 0.
An important observation made in Theorem 3.3, is that in addition to the two Hida families
Θψ and Θψτ having CM by K, f also belongs to at least one Hida family without CM by K,
hence lies in the closed analytic subspace E ⊥ of E , union of irreducible components having no
CM by K. Denote by T , resp. by T ⊥, the completed local ring at f of E , resp. of E ⊥. Both
algebras T and T ⊥ are finite and flat over the completed local ring Λ = Qp⟦X⟧ of the weight
space at the point X = 0 corresponding to the weight of f . Consider the congruence ideal
C0ψ = πψ(AnnT (ker(πψ))) attached to the Θψ-projection πψ ∶ T ↠ Λ. Hida and Tilouine
showed in [26, Thm.I] that
C0ψ ⊂ (ζ
−
ψ-) ⊂ (X),
where ζ−ψ- is the Katz anti-cyclotomic p-adic L-function L
−
p(ψ-, s), seen as an element of Λ,
and have thus provided an upper bound for the order of the trivial zero, in terms of the local
geometry of E at f .
To prove the first part of Theorem A it then suffices to show that C0ψ = (X) if, and only
if, L-(ψ-) ≠ 0, which is a consequence of our next result.
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Theorem B (Thm.4.8). The Λ-algebra T is isomorphic to Λ×
Qp
(T ⊥×
Qp[X]/(X
r−1)Λ), where
T ⊥ =
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
Λ[Z]/(Z2 −Xr) if L-(ψτ- ) ⋅L-(ψ-) = 0, for some r ≥ 3,
Qp⟦X1/e⟧ ×Qp Qp⟦X1/e⟧ if L-(ψτ- ) +L-(ψ-) = 0, for some e ≥ 2,
Λ ×
Qp
Λ otherwise.
In the last case r = 2 and T is isomorphic to Λ ×
Qp
Λ ×
Qp
Λ ×
Qp
Λ as Λ-algebra.
As a consequence we establish, in the case of a weight one cusform with CM, a Conjecture
that Darmon, Lauder and Rotger made in [12] and which was previously only known when
ψ- is quadratic by the work [30] of Lee (see Corollary 5.5).
Let us now explain some of the ideas and techniques that go in the proof of Theorem B.
Since the 2-dimensional ΓQ-representation ρf = Ind
Q
K
ψ is locally scalar at p, neither its
Mazur’s p-ordinary deformation functor is representable, nor its deformation to T has a
p-ordinary filtration. In contrast with the p-regular setting considered in [3], where T is
isomorphic to the p-ordinary deformation ring of ρf , we need to resort to new methods. First,
we divide the difficulties and study separately the components having no CM byK. Since the
restriction to ΓK of the T ⊥-values pseudo-character is generically irreducible and lifts ψ+ψτ ,
and since Ext1ΓK(ψτ , ψ) and Ext1ΓK(ψ,ψτ ) are both 1-dimensional generated by ρ and ρ′,
respectively, a Ribet style argument shows the existence of pair (ρT ⊥ , ρ′T ⊥) of p-ordinary
ΓK-deformations lifting (ρ, ρ′). This leads naturally to a universal deformation Λ-algebra
R⊥ classifying pairs of p-ordinary deformations of (ρ, ρ′) sharing the same τ -invariant traces
and rank one p-unramified quotients. We show that R⊥ ≃ Qp⟦X1/e⟧ is a discrete valuation
ring endowed with flat morphism R⊥ ↪ T ⊥ of Λ-algebras (see Thm.3.7). Furthermore, the
reducibility ideal of the 2-dimensional pseudo-character carried by R⊥ is generated by an
element of valuation r ⩾ 2, with r = 2 if, and only if, L-(ψτ- ) ⋅ L-(ψ-) ≠ 0. In §3.4 we
determine all possible extensions to ΓQ of the pseudo-character carried by R⊥ and deduce
that R⊥[Z]/(Z2 − Xr/e) ≃ T ⊥ as Λ-algebras. With all the components of E containing f
determined in §3, §4.1 is devoted to the study of the CM ideal, measuring the congruences
between a component having CM by K and a component with no CM by K. Finally in §4.2
we determine the ideal C0ψ governing the congruences between Θψ and all other families.
While the deformation to T is not p-ordinary, its localization at any generic point is,
motivating the use in §5 of a universal “generically” p-ordinary deformation ring R△ of ρf ,
for which we establish the following modularity result.
Theorem C. There exists an isomorphism of non-Gorenstein local Λ-algebras R△
red
≃ T .
Let us specify the above results in the simplest case of a quadratic character ψ- defining a
biquadratic extension H of Q in which p splits completely. Denote by K ′ (resp. F ) the other
imaginary quadratic field (resp. the unique real quadratic field) contained in H. In that case
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we have T ≃ Λ ×
Qp
Λ ×
Qp
Λ ×
Qp
Λ and, in addition to the families Θψ and Θψτ = Θψ ⊗ ǫF
having CM by K, f is contained in families Θψ′ and Θψ′τ = Θψ′ ⊗ǫF having CM by K ′. Both
p-adic L-functions L−p(ψ-, s) and L−p(ψ′-, s) then have simple trivial zeros at s = 0.
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1. Slopes and L -invariants
We denote by ΓL = Gal(L¯/L) the absolute Galois group of a perfect field L. We consider
the field of algebraic numbers Q as a subfield of C which determines a complex conjugation
τ ∈ ΓQ. We let ǫL denote the Dirichlet character of a quadratic extension L/Q.
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Denote by H the splitting field of the anti-cyclotomic character ψ- = ψ/ψτ , where ψτ =
ψ(τ−1 ⋅ τ) is the Galois conjugate of ψ. Recall the assumption that ψ-(p) = 1, i.e., p splits
completely in H. For a prime number p, we fix an embedding ιp ∶ Q↪ Qp which determines
an embedding ΓQp ↪ ΓQ, and a place v0 of H above p.
1.1. The slope of ψ-. The dihedral group G = ΓH/Q is a semi-direct product of the cyclic
group C = ΓH/K with {1, τ}. The product is direct if and only if the character ψ- is quadratic,
in which case G is the Klein group.
Given any global unit u ∈ O×H we consider the element
uψ- = ∑
g∈C
g−1(u)⊗ψ-(g) ∈ (O×H ⊗Q)[ψ-],
where [ψ-] denotes the ψ--isotypic part for the natural left action of C.
Minkowski’s proof of Dirichlet’s Unit Theorem shows that the left G-module O×H ⊗Q is
isomorphic to (IndG{1,τ}1)/(Q ⋅ 1) (see [3, (7)]), hence the 2-dimensional odd representation
IndQ
K
ψ- occurs with multiplicity one in it. By the Frobenius reciprocity theorem (O×H⊗Q)[ψ-]
is a line, and similarly (O×H ⊗ Q)[ψτ- ] is a line containing τ(uψ-) = ∑
g∈C
τg−1(u) ⊗ ψ-(g).
Minkowski’s Theorem guarantees the existence of u ∈ O×H such that {g(u)∣g ∈ C/{1}} is a
basis of O×H ⊗Q, called a Minkowski unit, to which one can additionally impose to be fixed
by τ . Since O×K is finite, the only non-trivial relation between {g(u)∣g ∈ C} is given by the
kernel of the relative norm NH/K , hence for any Minkowski unit u one has uψ- ≠ 0. We record
those useful facts as a lemma.
Lemma 1.1. There exists u ∈ O×H , such that
(O×H ⊗Q)[ψ-] = Q ⋅ uψ- , and (O×H ⊗Q)[ψτ- ] = Q ⋅ τ(uψ-).
The Baker-Brumer Theorem [7] demonstrates the injectivity of the Q-linear homomor-
phism
(2) logp ∶ O
×
H ⊗QÐ→ Qp , u⊗ x ↦ logp(u) ⋅ ιp(x),
allowing to define for u as in Lemma 1.1 the following p-adic regulator, that we call the slope
(3) S (ψ-) = − logp(uψ-)
logp(τ(uψ-)) .
Lemma 1.2. The slope S (ψ-) does not depend on the choice of u as in Lemma 1.1. Moreover
S (ψ-) ∉ Q, unless ψ- is quadratic, in which case S (ψ-) = −1. Finally S (ψτ- ) = S (ψ-)−1.
Proof. The value of S (ψ-) remains clearly unchanged if we replace u by g(u) for any g ∈ C.
The independence then follows from the fact that any unit lies in the Q-linear span of these.
If ψτ- ≠ ψ-, then S (ψ-) ∉ Q by (2). Finally, taking u to be a Minkowski unit fixed by τ ,
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one finds that τ(uψ-) = uψτ- which, in view of the definition (3), simultaneously shows that
S (ψτ- ) = S (ψ-)−1 and further, when ψ- is quadratic, that S (ψ-) = −1. 
1.2. A Galois theoretic interpretation of the slope. Let ηp be the unique element of
ker(H1 (K,Qp)→ H1(Ip¯,Qp)) whose image in im (H1(Kp,Qp)→ H1(Ip,Qp)) ≃ Hom(O×Kp ,Qp)
is given by logp. Note that ηp and ηp¯ = η
τ
p form a basis of H
1(K,Qp).
Proposition 1.3. The image of the natural restriction homomorphism:
H1(K,ψ-)↪ im (H1(Kp,Qp) ×H1(Kp¯,Qp)→ H1(Ip,Qp) ×H1(Ip¯,Qp)) ≃ Hom(O×Kp×O×Kp¯,Qp)
is a line generated by (logp,S (ψ-) logp). In particular both maps H1(K,ψ-) → H1(Ip,Qp)
and H1(K,ψ-)→ H1(Ip¯,Qp) are injective.
Proof. The inflation-restriction exact sequence (see [3, (8)]) yields an isomorphism:
(4) H1(K,ψ-) ∼Ð→ H1(H,Qp)[ψτ- ] = (Hom(ΓH ,Qp)⊗ψ-)C .
Using Shapiro’s Lemma the vector spaces in (4) are further isomorphic to
(5) H1(Q, IndQ
K
ψ-) ∼Ð→ H1(K,ψ- ⊕ ψτ- )τ=1 ∼Ð→ (Hom(ΓH ,Qp)⊗ IndQK ψ-)G.
Since Leopoldt’s Conjecture holds for cyclic extensions of imaginary quadratic fields, the
dimension of the latter equals dim(IndQK ψ-)τ=−1 = 1.
Taking the ψτ- -isotypic part of [3, (6)] for the left C-action yields an exact sequence
0→ H1(H,Qp)[ψτ- ] respÐÐ→ Hom(O×Hp ,Qp)[ψτ- ] ×Hom(O×Hp¯ ,Qp)[ψτ- ]→ Hom(O×H ,Qp).
Since Hom(O×Hp ,Qp), resp. Hom(O×Hp¯ ,Qp), is the regular representation of C, its (ψτ- )-
component is 1-dimensional, generated by∑g∈C ψ-(g) logp(g−1⋅), resp. ∑g∈C ψ-(g) logp(τg−1⋅).
Hence H1(K,ψ-) ∼Ð→ H1(H,Qp)[ψτ- ] has basis whose restriction to (OH ⊗ Zp)× is given by
∑
g∈C
ψ-(g) logp(g−1⋅) + s ⋅ ∑
g∈C
ψ-(g) logp(τg−1⋅),
for some s ∈ Qp. The triviality on global units (in particular on uψ-) implies in view of
Lemma 1.2 that s = S (ψ-). 
1.3. L -invariants. Since p splits completely in H, the set of places of H above p is then
indexed by elements of C. Let y0 ∈ OH[ 1v0 ]× be an element having a non-zero valuation ordv0
at v0. The quantity
(6) L (ψτ- ) = −∑g∈C ψ-(g) logp(g
−1(y0)) +S (ψ-)∑g∈C ψ-(g) logp(τg−1(y0))
ordv0(y0)
is independent of the choice of y0, since by Lemma 1.2 multiplying y0 by an element of
O×H does not affect its value. Another description of L (ψτ- ) can be given using the exact
sequence:
1→ O×H → OH[1p ]× ordÐÐ→ Z[C]
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of C-modules, where the last map is obtained by taking valuations at all places v of H
dividing p. Taking the ψ--isotypic part for the left action of C yields a short exact sequence:
0→ Q ⋅ uψ- → (OH[1p ]× ⊗Q)[ψ-] ordv0ÐÐÐ→ Q→ 0.
Letting up,ψ- ∈ (OH[1p ]× ⊗ Q)[ψ-] be any element such that ordv0(up,ψ-) ≠ 0, for example
up,ψ- = ∑g∈C g−1(y0)⊗ψ-(g), one easily checks that:
L (ψτ- ) = − logp(up,ψ-) +S (ψ-) logp(τ(up,ψ-))ordv0(up,ψ-) .
Finally taking up to be any non-torsion element of OK[1p ]×, one defines
(7) L (1) = − logp(up)
ordp(up) .
The notation is justified by the fact that one can take up,1 =∑g∈C g−1(y0) = NH/K(y0) for up.
1.4. A Galois theoretic interpretation of the L -invariants. Denote by η the canonical
generator of H1(K,ψ-) described in Proposition 1.3.
Lemma 1.4. One has ηp¯(Frobp) = ηp(Frobp¯) = −L (1).
Proof. Since upu¯p ∈ Z×p ⋅ p
Z, using the exact sequence from Global Class Field Theory:
0→ H1(K,Qp)→ Hom(K×p ×O×Kp¯ ,Qp)→ Hom(OK[1p ]×,Qp)
one finds ordp(up) ⋅ ηp¯(Frobp) = resp(ηp¯)(up) = − resp¯(ηp¯)(up) = − logp(u¯p) = logp(up). 
Since η ∈ H1(K,ψ-) and ηp ∈ H1(K,Qp) both restrict to the same element of H1(Ip,Qp),
their difference (considered as element of H1(Kp,Qp)) is unramified at p, and the following
proposition computes its value on Frobp.
Proposition 1.5. One has (η − ηp)(Frobp) = L (ψτ- ) −L (1).
Proof. Restricting to ΓH allows us to see (η − ηp) in H1(H,Qp) and one has to compute its
value at Frobv0 . Using the exact sequence from Global Class Field Theory:
0→ H1(H,Qp)→ Hom(H×v0 × ∏
v0≠v∣p
O×Hv ,Qp)→ Hom(OH[ 1v0 ]×,Qp)
and by Proposition 1.3 and its proof, the restriction of η to (OH ⊗Zp)× is given by
∑
g∈C
ψ-(g) logp(g−1⋅) +S (ψ-) ∑
g∈C
ψ-(g) logp(τg−1⋅).
Therefore, for y0 ∈ OH[ 1v0 ]× such that ordv0(y0) ≠ 0, one has:
ordv0(y0) resv0(η−ηp)(Frobp) = ∑
1≠g∈C
(1−ψ-(g)) logp(g−1(y0))−S (ψ-) ∑
g∈C
ψ-(g) logp(τg−1(y0)).
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The desired formula then follows from the Definition (6), using the computation
∑
g∈C
logp(g−1(y0)) = logp(NH/K(y0)) = −L (1)ordv0(y0),
the last equality following from the fact that p splits completely in H. 
1.5. An interlude on the Six Exponentials Theorem. We first recall some standard
results and conjectures in p-adic transcendence. As in the previous section, logp ∶ Q
×
p → Qp is
the standard p-adic logarithm sending p to 0, and we use the same notation for its composition
with ιp ∶ Q↪ Qp.
Denote by L ⊂ Qp the Q-vector space generated by 1 and elements of logp(Q×).
Theorem 1.6 (Baker-Brumer [7]). Let λ1, ....., λn ∈ L are linearly independent over Q, then
they are linearly independent over Q.
Conjecture 1.7 (Strong Four Exponentials Conjecture). A matrix ( λ11 λ12λ21 λ22 ) with entries in
L whose lines and whose columns are linearly independent over Q has rank 2.
We will need the following Strong version of the Six Exponentials Theorem, proved by Roy
[34] (see also [36]).
Theorem 1.8 (Strong Six Exponentials Theorem). A matrix L = ( λ11 λ12 λ13λ21 λ22 λ23 ) with entries
in L whose lines and whose columns are linearly independent over Q has rank 2.
1.6. Non-vanishing of L -invariants. The following L -invariant will play a prominent
role in the paper, as will be intimately related to the local geometry of the eigencurve at f .
Definition 1.9. L-(ψ-) = L (ψ-) − 2L (1).
Proposition 1.10. At least one amongst L-(ψ-) and L-(ψτ- ) is non-zero. If either ψ- is
quadratic, or the Four Exponentials Conjecture 1.7 holds, then both are non-zero.
Proof. Recall that C = Gal(H/K) and y0 ∈ OH[ 1v0 ]× such that ordv0(y0) ≠ 0. One has
ordv0(y0)L-(ψτ- ) = (η − ηp + ηp¯)(y0) =
= ∑
g∈C−{1}
(1 − ψ-(g)) logp(g−1(y0)) −S (ψ-) ∑
g∈C
ψ-(g) logp(τg−1(y0)) − ∑
g∈C
logp(τg−1(y0)) =
= − logp(up,ψ-) −S (ψ-) logp(τ(up,ψ-)) + 2 logp(NH/K(y0)).
Suppose first that ψ- is quadratic and denote by g the non-trivial element of C, so that
G = Gal(H/Q) = {1, g, τ, gτ}. Then
ordv0(y0)L-(ψτ- ) = 2 logp(g(y0)) − 2 logp(gτ(y0)) ≠ 0,
since g(y0))
gτ(y0)
has infinite order (having a non-zero valuation at g(v0)), while having trivial
valuations at v0 (logp being injective on non-torsion elements of O
×
H,v0
).
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Consider next the case ψ- ≠ ψτ- . A computation similar to the one above shows that:
ordv0(y0)L-(ψ-) = − logp(up,ψτ- ) −S (ψτ- ) logp(τ(up,ψτ- )) + 2 logp(NH/K(y0)).
It suffises to show that Roy’s Six Exponentials Theorem 1.8 applies to the matrix:
⎛
⎝
logp(uψ-) logp(up,ψ-) − 2 logp(NH/K(y0)) logp(up¯,ψ-)
logp(uψτ- ) logp(up¯,ψτ- ) logp(up,ψτ- ) − 2 logp(NH/K(y0))
⎞
⎠
where uψτ- = τ(uψ-), up¯,ψτ- = τ(up,ψ-) and up¯,ψ- = τ(up,ψτ- ). Lemma 1.2 implies by looking at
the first column entries, that the rows are linearly independent over Q. It remains to show
that the columns are linearly independent over Q as well, for which we will only look at the
first row entries. Using the facts that logp(NH/K(u0)) = 0 and logp(NH/Q(y0)) = 0, a linear
relation over Q between those 3 entries would give integers a, b and c, not all zero, such that
∑
1≠g∈C
(ψ-(g) − 1)(a ⋅ logp(g−1(u0)) + b ⋅ logp(g−1(y0)) + ∑
g∈C
(c ⋅ ψ-(g) + b) logp(g−1(τ(y0))) = 0.
The numbers {τ(y0), g(u0), g(y0), g(τ(y0))∣1 ≠ g ∈ C} are (multiplicatively) linearly indepen-
dent over Q and are all sent by ιp to O×H,v0 ≃ Z
×
p , hence their p-adic logarithms are linearly
independent over Q. This contradicts Baker-Brumer’s Theorem 1.6.
The last claim follows by applying the Four Exponentials Conjecture 1.7 to the minors
obtained by removing the second (or the third) column of the above matrix. 
2. Galois deformations
Recall from §1.2 the unique cohomology class [η] ∈ H1(K,ψ-) whose restriction to Ip is
given by the p-adic logarithm. Since ψ- − 1 is a basis of the coboundaries, fixing, once and
for all, γ0 ∈ ΓK such that ψ-(γ0) ≠ 1, we let η ∶ ΓK → Qp be the unique representative of [η]
such that η(γ0) = 0.
We let ρ = (ψ ηψτ0 ψτ ) ∶ ΓK → GL2(Qp) in the canonical basis (e1, e2) of VQp = Q2p. The unique
ΓKp-stable filtration of VQp
with unramified quotient is given by
(8) 0→ V ′
Qp
= Qp ⋅ e1 → VQp → V
′′
Qp
→ 0.
2.1. Ordinary deformations of ρ. Let C be the category of complete Noetherian local
Qp-algebras A with maximal ideal mA and residue field Qp, where the morphisms are local
homomorphisms of Qp-algebras.
Consider the functor Dunivρ associating to A in C the set of lifts ρA ∶ ΓK → GL2(A) of ρ
modulo strict equivalence and satisfying
TrρA(τgτ) = TrρA(g) for any g ∈ ΓK .
Since ψ- and [η] are both non-trivial, the centralizer of the image of ρ consists only of
scalar matrices, hence Dunivρ is representable by a universal deformation ring R
univ
ρ (see [32]).
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Let DFil be the functor assigning to A in C the set of free A-submodules V ′A ⊂ A
2 such that
V ′A ⊗A Qp = V
′
Qp
(such V ′A is necessarily a direct rank 1 summand of VA). It is representable
by the strict completed local ring RFil ≅ Qp⟦U⟧ of the projective space P1 at the point
corresponding to the line V ′
Qp
= Qp ⋅ e1 ⊂ Q2p. The universal submodule V
′
RFil
has basis given
by e1 +Ue2.
Definition 2.1. The functor Dordρ assigns to A ∈ C the set of tuples (VA, V ′A) such that
(i) VA = A2 is endowed with continuous A-linear ΓK-action, denoted ρA ∶ ΓK → GL2(A),
such that VA ⊗A Qp = VQp as ΓK-modules, and TrρA(τgτ) = TrρA(g) for all g ∈ ΓK ,
(ii) V ′A ⊂ VA is a free direct factor over A of rank 1 which is ΓKp-stable and such that ΓKp
acts on V ′′A = VA/V ′A by an unramified character, denoted χA,
modulo the strict equivalence relation (ρA, V ′A) ∼ (PρAP−1, P ⋅ V ′A) with P ∈ 1 +M2(mA).
One has V ′A ⊗AQp = V
′
Qp
since the latter is the unique ΓKp-stable line in VQp
with unram-
ified quotient. Therefore Dordρ is a sub-functor of D
univ
ρ ×DFil defined by a closed condition
guaranteeing its representability.
Lemma 2.2. (i) The functor Dordρ is representable by a quotient R
ord
ρ of R
univ
ρ .
(ii) The determinant of ρord ∶ ΓK → GL2(Rordρ ) extends, in two different ways to a char-
acter ΓQ → (Rordρ )×.
Proof. (i) The argument is exactly the same as in the proof of [6, Lemma 1.2].
(ii) Since 2det(ρord(g)) = tr(ρord(g))2 − tr(ρord(g2)), we deduce that det(ρord) is a τ -
invariant character of ΓK , hence can be extended to a character of ΓQ by sending the or-
der 2 element τ either to 1 or to −1. Alternatively, one can observe that the character
det(ρord)det(ρ)−1 ∶ ΓK → 1 + mRordρ extends uniquely, since Rordρ is complete and K has a
unique Zp-extension on which τ acts trivially (this argument is more general is, as it does
not use the existence of a section of ΓQ → ΓK/Q given by the complex conjugation τ). 
Since the two extensions in Lemma 2.2(ii) differ by the quadratic character ǫK of ΓK/Q,
exactly one of them is odd, and we denote it det(ρord) ∶ ΓQ → Rordρ . It reduces modulo the
maximal ideal to det(IndQ
K
ψ) = (ψ ○Ver) ⋅ ǫK ∶ ΓQ → Q×p , where Ver ∶ ΓabQ → ΓabK denotes the
transfer homomorphism. Since Λ ∈ C is the universal deformation ring of that character (see
[3, §6]) the natural transformation ρA ↦ det(ρA), endows Rordρ with a Λ-algebra structure.
2.2. Reducible and CM deformations of ρ.
Definition 2.3.
(i) Let Dredρ be the subfunctor of D
ord
ρ consisting of ΓK-reducible deformations.
(ii) Let DKρ the subfunctor of D
ord
ρ consisting of deformations of ρ having a free ΓK-
quotient of rank 1 which is unramified at p (i.e., are reducible and ordinary in the same
basis).
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Lemma 2.4.
(i) The functor Dredρ is representable by a quotient R
red
ρ of R
ord
ρ .
(ii) The functor DKρ is representable by a quotient R
K
ρ = R
ord
ρ /(c(g);g ∈ ΓK), where
ρord(g) = ( a(g) b(g)c(g) d(g) ) in an ordinary basis.
Proof. (i) Since ρ(γ0) has distinct eigenvalues, Hensel’s lemma provides us with a basis
(e+R, e−R) of VRunivρ lifting (e1, e2), and in which ρuniv(γ0) is a diagonal matrix. Now the
assertion follows from exactly the same arguments as those in the proof of [6, Lemma 1.4].
(ii) See [6, Lemma 1.6]. 
Finally for ? = {ord,K, red}, let D?ρ,0 be the sub-functors of D?ρ classifying deformations
with fixed determinant. By §2.1, R?ρ,0 = R
?
ρ/mΛR?ρ represents D?ρ.
Remark 2.5. While ρ is reducible and ordinary for the same filtration (8), this is not neces-
sarily true for deformations in Dredρ . In fact, we show in §2.4 that
dimDKρ (Qp[ǫ]) = 1 < dimDredρ (Qp[ǫ]) = dimDordρ (Qp[ǫ]) = 2.
2.3. Non-CM deformations of ρ. We recall the indecomposable representation ρ = (ψ η⋅ψτ0 ψτ )
from §2.1 and that its universal ordinary deformation ρR = ρRordρ .
We can do a similar construction with ψτ- instead of ψ-. Namely, we let η
′
∶ ΓK → Qp be
the unique representative of [η′] ∈ H1(K,ψτ- ) whose restriction to Ip is given by the p-adic
logarithm and such that η′(γ0) = 0. Then we consider the indecomposable representation
ρ′ = (ψτ η′⋅ψ
0 ψ
) ∶ ΓK → GL2(Qp)
and denote byDordρ′ its ordinary deformation functor, representable by a universal deformation
ring Rordρ′ . By definition the universal deformation ρ
′
R has a Gal(K/Q)-invariant trace and
admits a rank 1 unramified ΓKp-quotient, denoted χ
′
R.
We highlight that since [ητ ] and [η′] are proportional, in fact ητ = S (ψ-)η′+ητ(γ0) ψ-−1ψ-(γ0)−1 ,
one has ρ′ ≃ ρτ . However ρ′R need not be isomorphic to ρ
τ
R as the former admits a ΓKp-
unramified quotient, while the latter admits a ΓKp¯-unramified quotient, and not necessarily
vice versa.
The following definition (similar to [6, Def.1.7]) is an attempt to describe Galois theoret-
ically the local ring at f of the closed analytic subspace E ⊥ of E ord defined by the union of
irreducible components without CM by K. As we will later show in Theorem 3.3 one indeed
has f ∈ E ⊥.
Definition 2.6. Let D⊥ be the functor assigning to A ∈ C the set of strict equivalence
classes of pairs ((ρA, χA), (ρ′A, χ′A)) in Dordρ (A) × Dordρ′ (A) such that tr(ρA) = tr(ρ′A) and
χA(Frobp) = χ′A(Frobp).
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The definition of D⊥ is meant to exclude Λ-adic deformations of ρ having CM by K. Note
that the τ -conjugate of any p-ordinary deformation of ρ is a p¯-ordinary deformation of ρ′
which is not necessarily p-ordinary, so it does not in general define a point of our functor.
The functor D⊥ is representable by an Λ-algebra R⊥, quotient of Rordρ ⊗̂R
ord
ρ′ by the ideal:
(tr(ρR)(g) ⊗ 1 − 1⊗ tr(ρ′R)(g), χR(Frobp)⊗ 1 − 1⊗ χ′R(Frobp);g ∈ ΓK) .
Lemma 2.7. The natural homomorphisms Rordρ →R
⊥ and Rordρ′ →R
⊥ are surjective. More-
over ρ′R⊥ and ρ
τ
R⊥ are conjugated by an element of GL2(R⊥), in particular ρτR⊥ is p-ordinary.
Proof. The first claim follows from similar arguments that have already been used in [6,
Lemma 1.8]. In fact, since dimH1(K,ψ-) = dimH1(K,ψτ- ) = 1 by Proposition 1.3, one can
apply [29, Cor.1.1.4(ii)] to prove that the algebras Runivρ and R
univ
ρ′ (and hence any of their
quotients) are generated by the trace of their universal deformations.
As highlighted before, the representations (S (ψ-) ητ (γ0)1−ψ-(γ0)
0 1
)−1 ρτR⊥ (S (ψ-) η
τ (γ0)
1−ψ-(γ0)
0 1
) and
ρ′R⊥ both reduce to ρ
′ and share the same trace, hence they correspond to the same point of
Dunivρ′ (R⊥) and thus they are conjugated by an element of 1 +M2(mR⊥). 
The local ring R⊥0 = R
⊥/mΛR⊥ represents the subfunctor D⊥0 of D⊥ consisting of deforma-
tions with fixed determinant.
2.4. The tangent space of ordinary deformations. In this subsection we compute the
dimension of the tangent spaces of the earlier introduced functors using results in Galois
cohomology, Class Field Theory and some results in transcendence.
Let Qp[ǫ] = Qp⟦X⟧/(X2) be the Qp-algebra of dual numbers. It is well know that there is
a natural injection:
tunivρ = D
univ
ρ (Qp[ǫ])↪ H1(K,ad(ρ)),
inducing also an injection tunivρ,0 ↪ H
1(K,ad0(ρ)), where ad(ρ) (resp. ad0(ρ)) is the adjoint
representation on End
Qp
(V
Qp
) (resp. the sub-representation on trace zero elements). We
have a natural decomposition of ΓK -modules ad ρ ≃ ad ρ0 ⊕ 1. The tangent spaces
tordρ = D
ord
ρ (Qp[ǫ]), tredρ = Dredρ (Qp[ǫ]) and tKρ = DKρ (Qp[ǫ]).(9)
of the functors defined in §2.1 and §2.2 are thus naturally subspaces of H1(K,ad(ρ)). Let
0→Wρ → EndQp
(V
Qp
)→ Hom
Qp
(V ′
Qp
, V ′′
Qp
) ≃ ψτ- → 0(10)
be the short exact sequence of Qp[ΓK]-modules arising from the fact that ρ is reducible and
let W 0ρ = Wρ ∩ End
0
Qp
(V
Qp
). The choice of the basis (e1, e2) of VQp in which ρ = (ψ η⋅ψτ0 ψτ )
yields to a natural identification End
Qp
(V
Qp
) ≃M2(Qp), under which Wρ corresponds to the
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subspace of matrices of the form ( a b0 d ). Consider the short exact sequence of Qp[ΓK]-modules
0→W ′ρ →Wρ
d
Ð→ Hom
Qp
(V ′′
Qp
, V ′′
Qp
)→ 0, and
0→W ′ρ
0 ≃ ψ- →Wρ
(a,d)
ÐÐÐ→ Q2p → 0.
(11)
For h ∈ Hom(ΓK ,Qp) we shall denote by hτ ∈ Hom(ΓK ,Qp) the element g ↦ h(τgτ).
Lemma 2.8. Let a, d ∈ Hom(ΓK ,Qp) and s ∈ {±1}. If ψa+ sψτd = sψτaτ +ψdτ as functions
on ΓK , then d = aτ .
Proof. The relation can be rewritten as ψ-(a− dτ) = s(aτ − d). Since ψ- is unramified at p, it
follows that the element (a−dτ ) and s(aτ−d) of Hom(ΓK ,Qp) coincide on both inertia groups
Ip and Ip¯, hence they are equal. However ψ- is not a constant function hence a − d
τ = 0. 
Definition 2.9. Let Hom(ΓK ,Q2p)τ be the subspace of Hom(ΓK ,Qp)2 consisting of elements(a, d) such that d = aτ , and let H1(K,Wρ)τ be the inverse image of Hom(ΓK ,Q2p)τ under the
morphism (a∗, d∗) ∶ H1(K,Wρ)→ Hom(ΓK ,Q2p) coming by functoriality from (11).
Put H1(K,W 0ρ )τ = H1(K,Wρ)τ ∩H1(K,W 0ρ ).
Proposition 2.10. We have tredρ = t
ord
ρ ≃ H
1(K,Wρ)τ and tredρ,0 = tordρ,0 ≃ H1(K,W 0ρ )τ .
Proof. (i) Recall that tredρ ⊂ t
ord
ρ by Definition 2.3. To prove the other inclusion, we write an
infinitesimal ordinary deformation ρǫ of ρ in an ordinary basis (e1,ǫ, e2,ǫ) of VQp[ǫ]:
(12) ρǫ = (1 + ǫ ( a bc d ))ρ, where [( a bc d )] ∈ H1(K,ad(ρ)).
Since H0(K,ψτ- ) = {0}, (10) yields the following long exact sequence:
0→ H1(K,Wρ)Ð→ H1(K,ad ρ) c∗Ð→ H1(K,ψτ- )→ H2(K,Wρ),(13)
where the map ad ρ → ψτ- is given by [( a bc d )] ↦ [c]. By definition the image of tordρ ⊂
H1(K,ad ρ) under the morphism c∗ lands in the subspace
ker (H1(K,ψτ- )→ H1(Kp,Qp)) ,
which is trivial by Lemma 1.3. Thus tordρ = t
red
ρ ⊂ H
1(K,Wρ). By (10), an element of
H1(K,Wρ) corresponds to a reducible infinitesimal deformation in a basis (e+ǫ , e−ǫ ) of VQp[ǫ]
ρǫ =
⎛
⎝1 + ǫ
⎛
⎝
a b
0 d
⎞
⎠
⎞
⎠ρ =
⎛
⎝
ψ(1 + ǫa) ψτ(η + ǫ(aη + b))
0 ψτ (1 + ǫd)
⎞
⎠ .
If this deformation comes from an element of tordρ , since Trρǫ = Trρ
τ
ǫ (see Definition 2.1),
Lemma 2.8 implies that a = dτ in this reducible basis, hence tordρ ⊂ H
1(K,Wρ)τ (see Defini-
tion 2.9). Exactly the same argument shows that tredρ,0 = t
ord
ρ,0 ⊂ H
1(K,W 0ρ )τ .
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It remains to show that the inclusion tordρ ⊂ H
1(K,Wρ)τ is in fact an isomorphism. As
above, an element of H1(K,Wρ)τ corresponds to an infinitesimal deformation
(14) ρǫ =
⎛
⎝1 + ǫ
⎛
⎝
dτ ∗
0 d
⎞
⎠
⎞
⎠ρ =
⎛
⎝
ψ(1 + ǫdτ) ηψτ + ǫ ⋅ ∗
0 ψτ (1 + ǫd)
⎞
⎠
in a reducible basis (e+ǫ , e−ǫ ) of VQp[ǫ], where d ∈ H1(K,Qp). It is sufficient to show that ρǫ is
p-ordinary, i.e., find α ∈ Qp such that the line generated by e+ǫ + ǫα ⋅ e
−
ǫ in VQp[ǫ]
is ΓKp-stable
line with an unramified quotient. A direct computation shows that the restriction of ρǫ to
ΓKp in the desired ordinary basis (e+ǫ + ǫα ⋅ e−ǫ , e−ǫ ) is given by:
⎛
⎝
1 0
−ǫα 1
⎞
⎠
⎛
⎝
ψ(1 + ǫdτ) ηψ + ǫ ⋅ ∗
0 ψ(1 + ǫd)
⎞
⎠
⎛
⎝
1 0
ǫα 1
⎞
⎠ =
⎛
⎝
ψ(1 + ǫ(dτ + αη)) ηψ + ǫ ⋅ ∗
0 ψ(1 + ǫ(d −αη))
⎞
⎠ .
Since η∣Ip = logp generates the image of the restriction map H
1(K,Qp) → H1(Ip,Qp), there
exists a unique α ∈ Qp such that d∣Ip = αη∣Ip , for which the character χǫ = ψ(1 + ǫ(d − αη))
will be unramified at p. This completes the proof. 
Let H1(K,W 0ρ ) d∗Ð→ H1(K,Qp) be natural morphism induced by (11) (i.e., ( −d b0 d )↦ d).
Lemma 2.11.
(i) One has dim
Qp
H2(K,ψ-) = 0.
(ii) The map H1(K,W 0ρ ) d∗Ð→ H1(K,Qp) is an isomorphism.
Proof. (i) By the global Euler characteristic formula the dimension of H2(K,ψ-) equals:
dimH1(K,ψ-) − dimH0(K,ψ-) + dimH0(C,1) − [K ∶ Q]dim(ψ-) = 1 − 0 + 1 − 2 = 0.
(ii) Since H2(K,ψ-) = 0 and H1(K,ψ-) is 1-dimensional, (11) yields a long exact sequence:
0→ H0(K,Qp) ∼Ð→ H1(K,ψ-)→ H1(K,W 0ρ ) d∗Ð→ H1(K,Qp)→ 0.
Hence, d∗ is necessarily an isomorphism. 
Proposition 2.12. One has dim tordρ = 2, dim t
ord
ρ,0 = dim t
K
ρ = 1 and t
K
ρ,0 = {0}.
Proof. Using the direct sum decomposition Wρ =W 0ρ ⊕Qp, Lemma 2.11(ii) yields an isomor-
phism:
(a∗ − d∗, a∗ + d∗) ∶ H1(K,Wρ) ∼Ð→ H1(K,Qp)⊕H1(K,Qp)
hence an isomorphism d∗ ∶ H
1(K,Wρ)τ ∼Ð→ H1(K,Qp)τ=−1 ⊕ H1(K,Qp)τ=1 = H1(K,Qp). In
view of Proposition 2.10, we deduce dim tredρ = dim t
ord
ρ = dimH
1(K,Qp) = 2. Moreover since
d∗ induces an isomorphism between H
1(K,W 0ρ )τ and the anti-cyclotomic line H1(K,Qp)τ=−1,
one deduces dim tredρ,0 = dim t
ord
ρ,0 = 1.
By definition tKρ = ker(tredρ ≃ H1(K,Qp) respÐÐ→ Hom(Ip,Qp)), hence dim tKρ = 1. Finally
(15) tKρ,0 = ker (tredρ,0 ≃ H1(K,Qp)τ=−1 respÐÐ→ Hom(Ip,Qp)) = {0}.
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Let t⊥ = D⊥(Qp[ǫ]), resp. t⊥0 = D⊥0(Qp[ǫ]), be the tangent, resp. relative tangent, space to
the functor D⊥. Recall the L -invariants
L-(ψτ- ) = (η − ηp + ηp¯)(Frobp) and L-(ψ-) = (η′ − ηp + ηp¯)(Frobp)
introduced in Definition 1.9.
Theorem 2.13. (i) dim t⊥ = 1, i.e., R⊥ is a regular local ring.
(ii) t⊥0 = {0} if, and only if, L-(ψ-)+L-(ψτ- ) ≠ 0. In particular, t⊥0 = {0} if ψ- is quadratic.
Proof. (i) By definition
t⊥ = D⊥(Qp[ǫ]) = {(ρǫ, ρ′ǫ) ∈ tordρ × tordρ′ ∣ tr(ρǫ) = tr(ρ′ǫ) and χǫ(Frobp) = χ′ǫ(Frobp)} .
By Proposition 2.10 and Lemma 2.11(ii), there exists d ∈ H1(K,Qp) such that
(16) ρǫ =
⎛
⎝
ψ(1 + ǫdτ ) ψτη + ǫ ⋅ ∗
0 ψτ (1 + ǫd)
⎞
⎠
in the reducible basis (e+ǫ , e−ǫ ) of VQp[ǫ] (see (14)). Similarly we have
ρ′ǫ =
⎛
⎝
ψτ (1 + ǫd′τ) ψη′ + ǫ ⋅ ∗
0 ψ(1 + ǫd′)
⎞
⎠ .
Write d = αηp +βηp¯ with α,β ∈ Qp in the basis {ηp, ηp¯} of H1(K,Qp) (see §1.2). Note that:
(17) tr(ρǫ) = ψ + ψτ + ǫ(ψdτ + ψτd) and det(ρǫ) = ψψτ (1 + ǫ(d + dτ )).
Since trρ′ǫ = trρǫ, Lemma 2.8 implies that d
′ = dτ .
By the end proof of Proposition 2.10, one has χǫ = ψ(1 + ǫ(d −αη)), hence
(18) χǫ(Frobp) = (1 + ǫ(d − αη)(Frobp))ψ(p) = (1 + ǫ[α(ηp − η)(Frobp) + βηp¯(Frobp)])ψ(p).
Analogously, from d′ = dτ = βηp + αηp¯, one deduces χ′ǫ = ψ(1 + ǫ(dτ − βη′)) hence
(19) χ′ǫ(Frobp) = (1+ ǫ(dτ −βη′)(Frobp))ψ(p) = (1+ ǫ[β(ηp −η′)(Frobp)+αηp¯(Frobp)])ψ(p).
Comparing (18) with (19) shows that
t⊥ ≃ {(α,β) ∈ Q2p ∣β(ηp − η′)(Frobp) + αηp¯(Frobp) = α(ηp − η)(Frobp) + βηp¯(Frobp)}.
Using Lemma1.4 and Proposition1.5 the tangent space can be rewritten in terms of L -
invariants:
(20) t⊥ ≃ {(α,β) ∈ Q2p ∣αL-(ψτ- ) = βL-(ψ-)}.
By Proposition 1.10 L-(ψτ- ) and L-(ψ-) cannot be both zero. Hence dim t⊥ = 1.
(ii) It follows from (17) that the tangent space t⊥0 is parametrized by (α,β) ∈ Q2p satisfying
α + β = 0 in addition to (20). Hence t⊥0 = {0} if, and only if, L-(ψ-) +L-(ψτ- ) ≠ 0. 
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Taking (α,β) from the above computations as coordinates of the plane tordρ , the lines tKρ ,
t⊥ and tordρ,0 can be drawn as follows:
β-line
α-line
t⊥ ∶ αL−(ψτ- ) = βL−(ψ-)
tKρ ∶ α = 0 (CM line)
tordρ,0 ∶ α + β = 0
Corollary 2.14. We have tordρ = t
⊥
⊕ tKρ if, and only if, L-(ψ-) ≠ 0.
Proof. As in the proof of Theorem 2.13 one can use (α,β) ∈ Q2p as coordinates on tordρ . By
(20) the equation defining t⊥ is αL-(ψτ- ) = βL-(ψ-), while by (15) the equation defining tKρ
is α = 0. 
3. Components of the eigencurve containing f
The weight 1 theta series θψ has level N = NK/Q(cψ) ⋅D, where −D is the fundamental
discriminant of K and cψ is the conductor of θψ.
The p-adic cuspidal eigencurve E of tame level N is endowed with a flat and locally finite
morphism κ ∶ E → W of reduced rigid analytic spaces over Qp, where the weight space W
represents continuous homomorphisms from Z×p × (Z/NZ)× to Gm. Locally OE is generated
as OW -algebra by the Hecke operators Up and Tℓ for ℓ ∤ Np. There exists a universal 2-
dimensional pseudo-character τE ∶ ΓQ → O(E ) unramified at ℓ ∤ Np and sending Frobℓ on
Tℓ (see [3, (15)]). It is defined by interpolation, so that its specialization at a classical point
y ∈ E (Qp) equals the trace of the semi-simple p-adic Galois representation ΓQ → GL2(Qp)
attached to the corresponding eigenform.
If ψ- is trivial then the corresponding theta series θψ coincides with the Eisenstein series
attached to ψ and ψǫK , and the local structure of the eigencurve at such points has been
extensively studied in [6].
If ψ-(p) ≠ 1, the corresponding weight 1 theta series θψ is a cuspform whose p-stabilization
θψ(z) − ψ(p¯)θψ(pz), resp. θψ(pz) −ψ(p)θψ(pz),
belongs to a unique Hida family Θψ, resp. Θψτ , having CM by K (see [3, Cor.1.2]).
We henceforth assume that ψ- is non-trivial but ψ-(p) = 1 (cuspidal, p-irregular case).
3.1. Components with CM by K containing f . Since (p) = pp¯ splits in K, by Class
Field Theory, we have a short exact sequence of groups:
1→ (O×K,p/O×K)(p) → C ℓ(p)K (p∞)→ C ℓ(p)K → 1,
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where the exponent (⋅)(p) denotes the p-primary part of an abelian group. Letting Wp denote
the maximal torsion-free quotient of C ℓK(p∞), which corresponds to the unique p-ramified
Zp-extension of K, for any prime to p ideal c of K, there exists an isomorphism
Art ∶ C ℓ
(p)
K (p∞c)/ tor ∼Ð→Wp
sending 1 + 2pZp ⊂ O×K,p to the inertia subgroup Ip ⊂ Wp at p. The quotient Wp/Ip is cyclic
of order ph, for some h ∈ Z⩾1, and we let wp ∈ Wp be the topological generator such that
w
ph
p = Art(1+ 2p) ∈ Ip. A p-adic avatar of a Hecke character of infinity-type (1,0) is given by
the continuous character (valued in the ring of integers O of a sufficiently large p-adic field)
(21) εp ∶ ΓK ↠Wp → O×,
where the second map sends wp to zp ∈ 1 +mO such that z
ph
p = 1 + 2p.
The homomorphism ηp ∶ ΓK → Qp from §1.2 factors through Wp and its restriction to Ip
is given by logp ○Art
−1. It follows that ηp = logp ○εp on Ip. The completed strict local ring of
Λp = O⟦Wp⟧ at the augmentation ideal ker(O⟦Wp⟧ [w]↦[1]ÐÐÐÐ→ O) is isomorphic to Λ. In fact,
the inclusion O⟦Ip⟧ ↪ O⟦Wp⟧ can be identified to the generically etale map O⟦X⟧ ↪ O⟦X⟧
sending X → (1 +X)ph − 1. We fix such an isomorphism in a way so that the corresponding
universal character χp ∶ ΓK ↠Wp → O⟦Wp⟧× ↪ Λ× is such that
(22) χp ≡ 1 + ηpX (mod X2).
It is easy to check that, up to an automorphism of Λ, χp○Ver equals the universal cyclotomic
character χp (see [6, §2.4] for the definition of χp) and ηp ○Ver = η1, where Ver ∶ ΓabQ → Γ
ab
K is
the transfer homomorphism. Analogously one can define χp¯ by replacing p by p¯.
The local ring Λp is a quotient of the universal p-ordinary Hecke algebra of tame level N
whose the kernel corresponds to the minimal prime ideal attached the CM Hida family Θψ.
The specialization of Θψ in weight k ∈ Z≥1 is given by the classical theta series θψ,k
corresponding to the Hecke character λψ,k = εk−1p ○ πψ ∶ C ℓK(p∞cψ) → Λ×p → Q×p of infinity
type (k − 1,0), where εk−1p ∶ Λp → Qp is the algebra homomorphism attached to the group
homomorphism εk−1p ∶Wp → Q
×
p and πψ ∶ C ℓK(p∞cψ) → Λ×p is the projection sending (z,w) ∈
C ℓK(p∞cψ)tor ×Wp = C ℓK(p∞cψ) to ψ(z,w)[w].
Definition 3.1. The CM by K part EK of E is the closed locus where τE (g) vanishes for
all g ∈ ΓQ/ΓK . We will say that an irreducible component Z of E has CM by K, if Z ⊂ EK .
Since ρf = Ind
Q
K
ψ is irreducible, the localization of the pseudo-character τE at f yields
(23) ρT ∶ ΓQ → GL2(T )
deforming ρf and such that tr(ρT )(Frobℓ) = Tℓ for all primes ℓ ∤ Np (see [33]).
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Proposition 3.2. Let T K be the completed local ring of EK at f . There is an isomorphism of
local Λ-algebras T K
∼
Ð→ Λ×
Qp
Λ. Moreover, the Galois representations of the two components
of EK containing f are IndQ
K
(ψχp) and IndQK(ψτχp).
Proof. Let Z be an irreducible components of E having CM by K and containing f , and
denote by A = O∧Z,f its completed local Λ-algebra. Since ρf is irreducible, the pseudo-
character τA ∶ ΓQ → A comes from a representation ρA ∶ ΓQ → GL2(A), which in view of
Definition 3.1 (and the uniqueness of the lifting) is such that ρA ≃ ρA ⊗ ǫK . By slightly
adapting the arguments of [15, Lemma 3.2] to local rings in the category C we obtain that
ρA = IndQK ψA, where ψA ∶ ΓK → A
× is a character lifting, say, ψ (otherwise it would lift ψτ
and the argument would be similar). By p-ordinarity the character ψAψ
−1
∶ ΓK → 1 + mA
factors through Wp. Moreover one has χp = det(IndQK(ψAψ−1)) ⋅ ǫK = (ψAψ−1) ○Ver, hence
ψA = χpψ (or ψA = χpψτ ). So far we have shown that there is an injection
T K ↪ Λ ×
Qp
Λ, Tℓ ↦ ((χpψ + χp¯ψτ )(λ), (χpψτ + χp¯ψ)(λ)) ,
where ℓ ∤ Np is a prime splitting in K as (ℓ) = λλ¯. To show that it is an isomorphism, it
suffices to see that χpψ + χp¯ψ
τ and χpψ
τ
+ χp¯ψ are not congruent mod X
2, which in view of
(22) amounts to show that ηpψ + ηp¯ψ
τ ≠ ηpψτ + ηp¯ψ. This is clear as ψ- ≠ 1. 
3.2. Existence of a component without CM by K containing f . The full eigencurve
Efull is locally generated over E by the Hecke operators Uq for q ∣ N . The resulting mor-
phism Efull → E is locally finite, surjective, compatible with all the structures, and not an
isomorphism when N > 1. Hida’s p-ordinary Hecke algebra of tame level N is a canonical
integral model for the ordinary locus of Efull which is the admissible open of Efull defined by
∣Up∣p = 1, and whose irreducible components correspond to Hida families of tame level N . In
this language Proposition 3.2 asserts that Θψ and Θψτ are the only Hida families containing
f and having CM by K.
Let U be an affinoid subdomain of W containing κ(f) and small enough to ensure the
existence of the finite type, projective O(U)-module S†,0U (N) of p-ordinary families of cuspidal
overconvergent modular forms of tame level N . By construction, there exists an affinoid
neighbourhood V of f in Efull such that U = κ(V), and O(V) is the finite O(U)-subalgebra of
EndO(U)(S†,0U (N)) generated by Tℓ for ℓ ∤ Np and Uq for q ∣ Np (see [9, §7.1]). Taking the
first coefficient in q-expansions at the cusp ∞ yields a natural isomorphism of O(U)-modules
(see Hida [24, §2] and Coleman [10, Prop.B.5.6]):
(24) S†,0U (N) ∼Ð→ HomO(U)−mod(O(V),O(U)), G ↦ (T ↦ a1(T ⋅ G)).
By [3, Prop.7.1], E and Efull are locally isomorphic at f . In particular, Uq ∈ T for all q ∣ N .
It follows then from (24) (see also [11, Proof of Prop.1.1]) that
(25) Hom
Qp−mod
(T /mΛ ⋅ T ,Qp) ≃ S†1(N)⟦f⟧.
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where T /mΛ ⋅T is the local ring of the fiber κ−1(κ(f)) at f , and S†1(N)⟦f⟧ is the generalized
eigenspace attached to f inside the space of weight 1, level N , ordinary p-adic modular forms.
Let Tsplit be the sub-algebra of T generated over Λ by Tℓ for ℓ ∤ Np split in K.
Theorem 3.3. (i) The operator Up does not belong to Tsplit.
(ii) There exists an irreducible component Z of E ord containing f and without CM by K.
Proof. (i) A direct computation shows that (Up − ψ(p))(θψ) = ψ(p)f , and since clearly θψ
and f share the same Hecke eigenvalues away from p (i.e. for the action of Tsplit), the space
spanned by those two forms is contained in S†1(N)⟦f⟧. Moreover by the above computation,
the action of Up on that space is not semi-simple, while Tsplit acts on that space semi-simply
(diagonally).
(ii) Assume that all the components of E specializing to f have CM by K, i.e., T = T K .
Then, by Proposition 3.2, T = Λ ×
Qp
Λ and T /mΛ ⋅ T ≃ Qp[X]/(X2), hence by (25) we have
dim
Qp
S
†
1(N)⟦f⟧ = dimQp(T /mΛ ⋅ T ) = 2,
in particular {f, θψ} is a basis of S†1(N)⟦f⟧. On the other hand, Proposition 3.2 also implies
that the image of Up in T
K equals ((ψχp¯)(p), (ψτχp¯)(p)) ∈ Λ× as ψ-(p) = 1. Hence (Up −
ψ(p)) ∈ mΛ and Up acts as a scalar on S†1(N)⟦f⟧, yielding a contradiction with the conclusion
that it acts non-semi-simply. 
Remark 3.4. Therem 3.3(ii) not only answers a question raised in [14, §7.4(1)] about the
existence of a Hida family without CM by K whose specializing in weight 1 has CM by K,
but it further asserts that this is systematically the case: any CM weight 1 cuspform irregular
at p belongs to such a family.
Definition 3.5. Let E ⊥ be the closed analytic subspace of E , union of irreducible components
having no CM by K.
Theorem 3.3 implies that f ∈ E ⊥. As well known from Hida theory, T is equidimensional
of dimension 1, hence so is the completed local ring T ⊥ of E ⊥ at f , which can also be seen
as the largest non-CM by K quotient of T . We will use this modular input to prove that
the Krull dimension of R⊥ is at least 1 (recall that in §2.4 we have already showed that its
dimensions it at most 1).
The specialization of (23) by the surjective homomorphism T → T ⊥, yields a deformation
ρ⊥T ∶ ΓQ → GL2(T ⊥) of ρf . Next, we show that after conjugating ρT ⊥∣ΓK by a matrix in the
total field of fractions Q(T ⊥) we can obtain T ⊥-valued deformations of both ρ and ρ′.
Proposition 3.6. Denote χ⊥T the unramified character of ΓKp ⊂ ΓK sending Frobp to Up.
There exists a deformation ρT ⊥ ∶ ΓK → GL2(T ⊥) of ρ such that ρT ⊥ ∣ΓKp = ( ∗ ∗0 χ⊥T ), and
trρT ⊥ = tr(ρ⊥T ∣ΓK). Similarly, there exists a deformation ρ′T ⊥ ∶ ΓK → GL2(T ⊥) of ρ′ such
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that tr(ρ′T ⊥) = tr(ρT ⊥) and ρ′T ⊥∣ΓKp = ( ∗ ∗0 χ⊥T ), hence there is a Λ-algebra homomorphism
ϕ⊥ ∶R⊥ → T ⊥.
Proof. We first observe that for any localization L of T ⊥ at a minimal prime, the resulting
representation ρL ∶ ΓQ → GL2(L) remains irreducible when restricted to ΓK . In fact, if
HomΓK(ρL, ψL) ≠ {0} for some character ψL ∶ ΓK → L×, the Frobenius reciprocity theorem
would imply that HomΓQ(ρL, IndQK ψL) ≠ {0}, thus contradicting the assumption that the
above minimal prime does not correspond to a component having CM by K. Proposition 1.3
then allows us to apply [1, Cor.2] to find an adapted basis (e⊥1 , e⊥2) (resp. (e⊥′1 , e⊥′2 )) of
Q(T ⊥)2 such that the representation ρQ(T ⊥) ∶ ΓK → GL2(Q(T ⊥)) takes values in GL2(T ⊥)
and reduces to ρ (resp. ρ′) modulo the maximal ideal of T ⊥. The resulting representations,
denoted ρT ⊥ and ρ
′
T ⊥ , share the same trace and determinant.
For the ordinariness statement at p, we write an exact sequence of T ⊥[ΓKp]-modules as
in [3, (16)] and adapt the argument as follows: The fact that ρ∣Ip (resp. ρ
′
∣Ip
) has an infinite
image and admits a unique Ip-stable line, shows that the last term of that exact sequence
is a monogenic T ⊥-module, hence it is free, since it is generically free of rank 1 and T ⊥ is
reduced. 
SinceR⊥ is generated over Λ by the trace of its universal deformation (see [29, Cor.1.4.4(ii)]),
the Cebotarev Density Theorem and Proposition 3.6 imply that the image of the Λ-algebra
homomorphism ϕ⊥ ∶R⊥ → T ⊥ equals the image T ⊥split of Tsplit in T
⊥.
Theorem 3.7. The Λ-algebra R⊥ is a discrete valuation ring isomorphic to T ⊥split and ρR⊥ is
irreducible. The structural homomorphism Λ →R⊥ etale if, and only if, L-(ψ-)+L-(ψτ- ) ≠ 0.
Proof. Since by Theorem 2.13(i) the Zariski tangent space t⊥ of R⊥ has dimension 1 and since
T ⊥split flat over Λ, it follows that the local complete Noetherian Λ-algebra R
⊥ is a discrete
valuation ring and that ϕ⊥ ∶ R⊥ ↠ T ⊥split is an isomorphism. The irreducibility of ρR⊥ then
follows from Proposition 3.6. The last claim follows directly from Theorem 2.13(ii) where
one gives a necessary and sufficient condition for the vanishing of the relative tangent space
t⊥0 of R
⊥ over Λ. 
3.3. The reducibility ideal of R⊥. Let ρR⊥ (resp. ρ
′
R⊥) be the p-ordinary deformation
of ρ (resp. ρ′) obtained by functoriality from the natural surjection Rordρ ↠ R
⊥ (resp.
Rordρ′ ↠ R
⊥) from Lemma 2.7. In order to determine T ⊥ we need to study the possible
extensions of tr(ρR⊥) = tr(ρ′R⊥) to ΓQ. For this we first observe that the reducibility ideal
(see [2, §1.5]) of the pseudo-character tr(ρR⊥) = tr(ρ′R⊥) is non-zero, as Theorem 3.7 implies
that ρR⊥ is irreducible.
Definition 3.8.
(i) Let e ⩾ 1 be the ramification index of R⊥ over Λ, so that R⊥ = Qp⟦Y ⟧, with Y e =X.
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(ii) Let r ⩾ 1 be the valuation of the reducibility ideal of tr(ρR⊥).
We state for later use a lemma whose elementary proof uses the fact that ρ has non-
isomorphic Jordan-Ho¨lder factors, and thatR⊥/(Y r) is a complete local ring, hence Henselian.
Lemma 3.9. For m ⩽ r, tr(ρR⊥) mod Y m can be uniquely written as sum of two characters.
It follows from Proposition 2.10 that r ⩾ 2. Much of what follows will depend on r, so we
first give a numerical criterion for its lowest (conjecturally only possible) value.
Lemma 3.10. One has r = 2 if, and only if, L-(ψ-) ⋅L-(ψτ- ) ≠ 0.
Proof. By (16) and (20) there exists a basis (e+, e−) of V
Qp[Y ]/(Y
3) in which
(26) ρR⊥ ≡ ( ψ+ψ(L-(ψτ- )ηp+L-(ψ-)ηp¯)Y +Y 2⋅∗ ψτη+Y ⋅∗ψcY 2 ψτ+ψτ (L-(ψ-)ηp+L-(ψτ- )ηp¯)Y +Y 2⋅∗) (mod Y 3),
where c ∈ Z1(ΓK , ψτ- ) is such that c(γ0) = 0. By Proposition 3.11 one has r ⩾ 3 if, and
only if c = 0, which in view of the injectivity of the restriction H1(K,ψτ- )→ H1(Kp,Qp) (see
Proposition 1.3) is also equivalent to c∣ΓKp = 0. We will now use the p-ordinarity of ρR⊥ and
show that the vanishing of c∣ΓKp is equivalent to L-(ψ-) ⋅L-(ψτ- ) = 0.
By the proof of Proposition 2.10 the p-ordinary filtration modulo (Y 3) is generated by a
vector of the form e+ + (L-(ψ-)Y + Y 2 ⋅ ∗)e−), and a direct computation using (26) shows
that:
c(g) = L-(ψ-) ⋅ (L-(ψ-) ⋅ (η + ηp¯ − ηp)(g) −L-(ψτ- ) ⋅ (ηp¯ − ηp)(g)) = L-(ψ-) ⋅L-(ψτ- ) ⋅ η′(g)
for all g ∈ ΓKp , which completes the proof, since η
′
∣ΓKp
≠ 0. 
Let ι be the automorphism sending Z to −Z of the local Λ-algebra
R̃
⊥ =R⊥[Z]/(Z2 − Y r) =
⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
R⊥ ×
Qp
R⊥, r = 2
Λ ×
Λ/(X
r
2 )
Λ, r ≥ 4 even,
Λ[Z]/(Z2 −Xr), r ≥ 3 odd.
Note that in the latter case R̃⊥ ≃ Qp⟦X⟧[X r2 ] is not normal.
We recall the element γ0 ∈ ΓK from §2 such that ψ-(γ0) ≠ 1 and η(γ0) = 0 and write
ρR⊥ = ( a bc d ) in a basis (e+, e−), where ρR⊥(γ0) = ( ∗ 00 ∗ ), and similarly we write ρ′R⊥ = ( a′ b′c′ d′ )
in a basis (e′
+
, e′
−
), where ρ′R⊥(γ0) = ( ∗ 00 ∗ ).
Proposition 3.11. The reducibility ideal (Y r) equals (c(g);g ∈ ΓK) = (c′(g);g ∈ ΓK). More-
over ρ̃⊥R = (Z 00 1 )ρR⊥ (Z−1 00 1 ) extends to a representation ρ̃⊥R ∶ ΓQ → GL2(R̃⊥) reducing to ρf
modulo the maximal ideal of R̃⊥. Finally ι(ρ̃⊥R) = ( −1 00 1 ) (ρ̃⊥R ⊗ ǫK) ( −1 00 1 ).
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Proof. Recall that (Y r) is the smallest ideal modulo which tr(ρR⊥) = tr(ρ′R⊥) can be written
as a sum of two characters. A direct computation shows that (Y r) = (c(g)b(g′);g, g′ ∈ ΓK) =
(c′(g)b′(g′);g, g′ ∈ ΓK) implying the first claim, since (b(g′);g′ ∈ ΓK) = (b′(g′);g′ ∈ ΓK) =R⊥.
Since dimH1(K,ψ-) = dimH1(K,ψτ- ) = 1, there exist upper triangular matrices P0 and P1
in GL2(Qp) such that the pair of R⊥-valued ΓK-representations
(P0 ( 0 1Y r 0 )ρτR⊥ ( 0 Y −r1 0 )P−10 , P1 ( 0 1Y r 0 )ρ′τR⊥ ( 0 Y −r1 0 )P−11 )
reduces to (ρ, ρ′) modulo mR⊥ . We will now check that it defines the same R⊥-point of D⊥ as
(ρR⊥ , ρ′R⊥). In fact, all representations are R⊥-valued and share the same τ -invariant trace
and determinant, and by Lemma 2.7 they are all p-ordinary (with same unramified character).
Hence the two pairs are strictly conjugated, in particular there exists P ∈ GL2(R⊥) such that
for all g ∈ ΓK we have
(27) ( dτ (g) Y −rcτ(g)
Y rbτ (g) aτ (g) ) = ( 0 1Y r 0 )ρR⊥(τgτ) ( 0 Y −r1 0 ) = PρR⊥(g)P−1 = P ( a(g) b(g)c(g) d(g) )P−1.
Since dτ /≡ d (mod Y ), reducing the above equation modulo Y r yields P ∈ ( ∗ ∗0 ∗ ) (mod Y r).
Therefore ( 0 1Z 0 )P (Z−1 00 1 ) ∈ GL2(R̃⊥) and one can choose M ∈ SL2(R̃⊥), unique up to sign,
having the same image in PSL2(R̃⊥) = PGL2(R̃⊥). Equation (27) can be rewritten as
ρ̃⊥R(τgτ) =Mρ̃⊥R(g)M−1,
where ρ̃⊥R = (Z 00 1 )ρR⊥ (Z−1 00 1 ) ∶ ΓK → GL2(R̃⊥) is an absolutely irreducible representation
(since ρR⊥ is), reducing modulo the maximal to ψ ⊕ ψ
τ . Since since τ2 = 1, Schur’s lemma
applied to a generic point of R̃⊥ implies that M2 is scalar. Therefore M2 = det(M) = 1
and putting ρ̃⊥R(τ) = M (or −M) yields the desired extension. Note that ρf is the unique
extension of ψ ⊕ ψτ to ΓQ. The last point is a direct computation. 
Denote by ρ⊥R the push-forward of ρ̃
⊥
R along the projection R̃
⊥ ↠ R⊥ sending Z to Y
r
2 ,
when r is even, and let ρ⊥R = ρ̃
⊥
R, when r is odd. By the Frobenius reciprocity (applied over a
finite extension of the fraction field of the integral domain R⊥), ρ⊥R and ρ
⊥
R⊗ ǫK are the only
possible extensions of ρR⊥ to ΓQ.
Corollary 3.12. The pseudo-characters tr(ρ⊥R) and tr(ρ⊥R ⋅ ǫK) are the only possible exten-
sions of tr(ρR⊥) to ΓQ. Moreover tr(ρ̃⊥R) ⋅ ǫK = ι ○ tr(ρ̃⊥R).
3.4. Components without CM by K containing f . Theorem 3.3 implies that there
exists a Hida family F without CM byK and specializing to f in weight one. Since f⊗ǫK = f ,
the twist F ⊗ ǫK of F would then also be a Hida family specializing to f .
Proposition 3.13. The local ring R̃⊥ is topologically generated over Λ by τ̃⊥R = tr(ρ̃⊥R(ΓQ)).
Proof. Let A be the subring of R̃⊥ topologically generated over Λ by τ̃⊥R(ΓQ). Since A ⊃R⊥
(see Theorem 3.7), it suffices to show that A contains the local parameter Z. By [33, Thm.1]
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there exists a deformation ρA = ( a bc d ) ∶ ΓQ → GL2(A) of ρf such that tr(ρA) = τ̃⊥R and ρA(γ0)
is diagonal. Then the reducibility ideal of τ̃⊥R∣ΓK = trρR⊥ equals (Y r) = (b(g)c(g′);g, g′ ∈ ΓK).
We first show that the ideals (b(g);g ∈ ΓK) and (c(g);g ∈ ΓK) of A are equal by showing
the double inclusion. To show (b(g);g ∈ ΓK) ⊂ (c(g);g ∈ ΓK) one reduces the equality
ρA(τgτ) = ρA(τ)ρA(g)ρA(τ) for g ∈ ΓK modulo (c(g);g ∈ ΓK) and uses the fact that ρA(g)
and ρA(τgτ) are upper triangular and that ρA(γ0) is diagonal.
Assume first that r is odd. In that case R̃⊥ is an integral domain, which is finite, flat and
ramified over R⊥. It suffices then to show that A contains an element of Y
r
2 ⋅Qp⟦Y 12 ⟧×, and
any b(g0) ∈ A generating (b(g);g ∈ ΓK) = (Y r2 ) would do.
Assume next that r is even. In that case R̃⊥ ≃R⊥ ×
Qp[Y ]/(Y
r
2 )
R⊥, and A ⊂ R̃⊥ surjects on
both components R⊥. Hence A =R⊥ ×
Qp[Y ]/(Y
s)R
⊥ with s ≥ r
2
, and by Proposition 3.11 one
has
( −1 00 1 ) (ρ̃⊥R ⊗ ǫK) ( −1 00 1 ) = ι(ρ̃⊥R) ≡ ρ̃⊥R (mod Y s),
where ι is the involution of R̃⊥ exchanging its two components. Writing b(g) = (b1(g), b2(g)) ∈
A, there exists g0 ∈ ΓK such that b1(g0) = −b2(g0) ∈ Y r2 ⋅ Qp⟦Y ⟧×. The above congruence
implies that −b1(g0) ≡ b1(g0) (mod Y s), hence s = r2 . 
Since T ⊥ carries a pseudo-character of ΓQ, extending the R
⊥ ≃ T ⊥split-valued pseudo-
character of ΓK , Corollary 3.12 implies that given any minimal prime ideal p of T
⊥ the result-
ing pseudo-character ΓQ → T
⊥/p factors through tr(ρ̃⊥R). Together with Proposition 3.13 this
implies the existence of a Λ-algebra homomorphism ϕ̃⊥ ∶ R̃⊥ → T ⊥ fitting in the commutative
diagram:
ΓK _

τ⊥R
// R⊥ _

∼
// T ⊥split
 _

ΓQ
τ̃⊥R
// R̃⊥
ϕ̃⊥
// T ⊥.
Since ϕ̃⊥ ○ τ̃⊥R is surjective by definition, so is ϕ̃
⊥. Both algebras being reduces, it suffices to
check injectivity on generic points, which holds since R̃⊥ is a free R⊥-module of rank 2, while
T ⊥ has rank ⩾ 2 over T ⊥split. As a consequence we determine the Λ-algebras structure of T
⊥.
Theorem 3.14. There is an isomorphism of Λ-algebras ϕ̃⊥ ∶ R̃⊥
∼
Ð→ T ⊥ extending ϕ⊥ ∶R⊥
∼
Ð→
T ⊥split and under which ι is sent to the involution of T
⊥ mapping Tℓ to ǫK(ℓ)Tℓ, for ℓ ∤Np.
In summary, we have shown that f belongs to exactly 3 or 4 irreducible components of
E depending on the parity of r, corresponding to the Hida families Θψ, Θψτ , F and F ⊗ ǫK
containing f (the last two being Galois conjugates if r is odd).
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4. Geometry of the eigencurve and congruence ideals
4.1. Iwasawa cohomology and the CM ideal. LetK−
∞
be the anti-cyclotomic Zp-extension
of K and
χ- =
χp
χτp
∶ ΓK ↠ Gal(K−∞/K)→ Λ×
be the universal p-adic anti-cyclotomic character. It satisfies the congruence
(28) χ- ≡ 1 + (ηp − ηp¯) ⋅X (mod X2).
Put Ψ = χ-ψ- and for n ∈ Z⩾1 let Ψn = Ψ mod Xn. Finally, let Γ
Np
K be the Galois group of
the maximal extension of K unramified outside Np.
Proposition 4.1. (i) The Λ-module H1(ΓNpK ,Ψ±) is free of rank 1 and for all n ∈ Z⩾1 the
following specialization morphism is an isomorphism:
H1(ΓNp
K
,Ψ±)⊗Λ Λ/(Xn) ∼Ð→ H1(ΓNpK ,Ψ±n).
(ii) Assume that L-(ψ-) ≠ 0. Then for every n ⩾ 1, the natural restriction map is injective:
H1(ΓNp
K
,Ψ−1n )→ H1(ΓKp ,Ψ−1n ).
Proof. (i) The proof is similar to [6, Prop.2.9] since dimH1(K,ψ-) = dimH1(K,ψτ- ) = 1 (by
Proposition 1.3) and dimH2(K,ψ-) = dimH2(K,ψτ- ) = 0 (by Lemma 2.11).
(ii) As in loc. cit. we have to check that η′ and ηp¯ − ηp =
χτ-(g)−1
X
(mod X) generate
distinct lines in H1(Kp,1). The claim follows from the fact that (η′ − ηp + ηp¯)∣Ip = 0 while
L-(ψ-) = (η′ − ηp + ηp¯)(Frobp) ≠ 0. 
Let Λψ ≃ Λ be the completed local ring at f of the irreducible component of E correspond-
ing to Θψ.
Corollary 4.2. There is a natural isomorphism RKρ
∼
Ð→ Λψ.
Proof. Proposition 2.12 shows that the structural homomorphism Λ↠RKρ is surjective (since
it is unramified), while Proposition 4.1 yields a surjection RKρ ↠ Λψ ≃ Λ. 
Let J be the kernel of the Λ-algebra homomorphism Rordρ ↠ R
K
ρ ≃ Λψ. Since R
ord
ρ is
Noetherian we know that J/J2 is a module of finite type over Rordρ /J ≃ Λ.
Proposition 4.3. If L-(ψ-) ≠ 0, then the Λ-module J/J2 is torsion of length ⩽ 1.
Proof. It is enough to show that for all n ⩾ 1 the length of the Λ-module HomΛ(J/J2,Λ/(Xn))
is at most 1. We use an homological machinery as in [6, Prop.4.11]. Let us fix a realization
ρRordρ (g) = ( a(g) b(g)c(g) d(g) ) of the universal representation in an ordinary basis. By Lemma 2.4
the ideal J of Rordρ is generated by the set of c(g) for g ∈ ΓK . Since
ρRordρ ⊗ (Rordρ /J) = (ψχp ∗0 ψτχτp )
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a direct computation using that the basis is ΓKp-ordinary shows that the function
(29) c¯ ∶ ΓK → J/J2, g ↦ (ψχp)−1(g) ⋅ c(g) mod J2
belongs to ker (Z1(ΓNp
K
, (χτ-ψτ- )⊗Λ (J/J2))→ Z1(Kp, (χτ-ψτ- )⊗Λ (J/J2))). Since the image
of c¯ contains a set of generators of J/J2 as Rordρ /J ≃ Λ-module, the natural map
HomΛ(J/J2,Λ/(Xn))→ ker (Z1(ΓNpK ,Ψ−1n )→ Z1(Kp,Ψ−1n )) , h↦ h ○ c¯
is injective for all n ⩾ 1. Moreover by Proposition 4.1(ii) one has:
ker (Z1(ΓNpK ,Ψ−1n )→ Z1(Kp,Ψ−1n )) = ker(B1(ΓNpK ,Ψ−1n )→ B1(Kp,Ψ−1n )) .
Since Ψ1∣ΓKp = ψ-∣ΓKp = 1, while Ψ2∣ΓKp ≠ 1, the latter is given by the length 1 Λ-module(Xn−1)/(Xn) ≃ Qp, proving the desired assertion. 
We begin the study of the congruences between Θψ and a family F without CM by K, by
determining the exact congruence ideal at split primes (note that the eigenvalues of F and
F ⊗ ǫK coincide as such primes). This amounts to the study of the image T
split
ρ of Tsplit in
T ⊥split ×Λψ, which we will now relate to the universal deformation rings R
ord
ρ from §2.
Recall the functorial homomorphismRordρ →R
⊥
×
Qp
Λψ which surjects on both components.
As observed in the proof of Lemma 2.7, the Λ-algebra Rordρ is generated by the trace of the
universal ordinary deformation of ρ, hence there exists an integer m ⩾ 1 and a commutative
diagram of surjective homomorphism of Λ-algebras:
(30) Rordρ


// // R⊥ ×
Qp[X]/(X
m)R
K
ρ
T
split
ρ T
⊥
split ×Qp[X]/(X
m) Λψ.
Proposition 4.4. If L-(ψ-) ≠ 0, there is an isomorphism of complete local intersection rings
R
ord
ρ
∼
Ð→ T
split
ρ =R
⊥
×
Qp
Λψ.
Proof. Corollary 2.14 implies that m = 1. The isomorphism is a consequence of a variant of
Wiles’ numerical criterion due to Lenstra [31] in view of Proposition 4.3. 
Just as RKρ is a quotient of R
red
ρ , the CM ideal (Xm) contains the reducibility ideal (Xr)
and plays a role analogous to that of the Eisenstein ideal.
Proposition 4.5. Assume that L-(ψ-) = 0. Then m = r−1, and T splitρ = Λ×Qp[X]/(Xr−1)Λψ.
Proof. Since L-(ψ-) = 0, the structural homomorphism Λ ∼Ð→ R⊥ is an isomorphism by The-
orem 3.7. We recall that r ≥ 3 by Proposition 3.10, and that
ρR⊥(g) ≡ ⎛⎝
A(g) B(g)
ψ(g)η′(g) ⋅Xr D(g)
⎞
⎠ mod Xr+1,
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in a reducible basis (e+, e−), where A,B,D are polynomials in X of degree ⩽ r. Since
R⊥ = Qp⟦X⟧ is a discrete valuation ring, an ordinary filtration of ρR⊥ is generated by e++Xs⋅e−
for some s ⩾ 1 and, using the corresponding p-ordinary basis (e+ +Xs ⋅ e−, e−), one has
ρR⊥(g) ≡ ⎛⎝
A(g) −B(g) ⋅Xs B(g)
ψ(g)c(g) ⋅Xr + (A(g) −D(g)) ⋅Xs −B(g) ⋅X2s D(g) +B(g) ⋅Xs
⎞
⎠ mod Xr+1.
It is crucial to first observe that s ≤ r − 1. Let us proceed by absurd, assuming that s ≥ r.
The lower left entry of ρR⊥(g) mod Xr+1 in the ordinary basis (e+ +Xs ⋅ e−, e−) equals
ψ(g) (η′(g) + (ψτ- (g) − 1) ⋅Xs−r) ⋅Xr
and it has to be trivial on Ip, contradicting Proposition 1.3 as 0 ≠ [η′] ∈ H1(K,ψτ- ).
Therefore s < r , hence D mod Xr is p-ramified. The p-ordinarity of ρR⊥ mod X
r yields
(31) A(g) ≡ 1 (mod Xr−s) and D(g) ≡ 1 (mod Xs), for all g ∈ Ip.
Since m ⩾ 2 (see Cor.2.14) one has tr(ρR⊥) ≡ ψχp +ψτχτp mod X2. Lemma 3.9 implies
A ≡ ψχp ≡ ψ(1 + ηp ⋅X) (mod X2), and D ≡ ψτχτp ≡ ψτ (1 + ητp ⋅X) (mod X2)
which together with (31) implies that s = r − 1, since ηp∣Ip ≠ 0. It then follows from the
second relation of (31) that D mod Xr−1 is unramified at p, hence there exists a morphism
Λψ →R
⊥/(Xr−1) sending ψτχτp on D mod Xr−1. Using the τ -invariance of tr(ρR⊥), a second
application of Lemma 3.9 yields that A ≡ Dτ (mod Xr). Hence R⊥/(Xr−1) is topologically
generated by {D(g), g ∈ ΓK} and therefore the morphism Λψ → R⊥/(Xr−1) defined above is
in fact a surjection, and it yields that m ⩾ r − 1.
It remains to show that m < r, i.e. tr(ρR⊥) ≢ ψχp + ψτχτp (mod Xr). Since A ≡ Dτ(mod Xr), it suffices (again by Lemma 3.9) to show that D ≢ ψτχτp (mod Xr) which follows
from the fact that D mod Xr is ramified at p as earlier observed. 
4.2. The congruence ideal. By Proposition 4.1, one may attach to Θψ (resp. Θψτ ) a
ΓK-reducible deformation of ρ (resp. ρ
′) whose semi-simplification is ψχp ⊕ ψ
τχτp (resp.
ψχτp ⊕ ψ
τχp).
We recall that the completed local ring Λψ (resp. Λψτ ) at f of the component corresponding
to Θψ (resp. Θψτ ) is isomorphic to Λ. We recall that we have a natural surjective morphism
(32) Rordρ ↠ T
split
ρ =R
⊥
×
Qp[X]/(X
r−1) Λψ,
sending χR(Frobp) ∈Rordρ on Up = (Up(F),Up(Θψ)) ∈ T splitρ . This implies in particular that
Up(F) ≡ Up(Θψ) mod Xr−1,
and the following Proposition would show that this congruence is optimal.
Proposition 4.6. Assume that L-(ψ-) = 0, then Up(F) /≡ Up(Θψ) mod Xr.
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Proof. Let us proceed by absurd. Assume that Up(F) −Up(Θψ) ≡ 0 mod Xr.
Since {(Xr−1,0), (X,X)} ∈ T splitρ =R⊥×Qp[X]/(Xr−1)Λ, then {(Xr,0), (0,Xr)} ∈ mΛ ⋅T splitρ .
Thus, Up(F)−Up(Θψ) ≡ 0 mod Xr if and only if, Up −ψ(p) ∈ mΛ ⋅T splitρ . On the other hand,
we have a natural surjection
(33) Rordρ,0 ↠ T
split
ρ,0 = T
split
ρ /mΛ ⋅ T splitρ
arising naturally from (32).
Since the 1-dimensional local ring T splitρ is ramified over Λ (because it is singular), the
tangent space of T splitρ,0 is non-trivial. Meanwhile, it has been shown in Proposition 2.12 that
dim tordρ,0 = 1. In particular, the surjection (33) rises to an isomoprhism between the tangent
spaces
Homalg(T splitρ,0 ,Qp[ǫ]) ≃↪ Homalg(Rordρ,0 ,Qp[ǫ]) = tordρ,0 .
In addition, the equation defining the tangent space of tordρ,0 inside t
ord
ρ ≃ Hom(ΓK ,Qp) ≃
{α⋅ηp+β ⋅ηp¯, (α,β) ∈ Q2p} is given by α = −β. Thence, we deduce from (19) (by plugin α = −β =
1) that χǫ(Frobp) mod mΛ = (1 + ǫ[(ηp − η)(Frobp) − ηp¯(Frobp)])ψ(p) = (1 − ǫL-(ψτ- ))ψ(p),
where L-(ψτ- ) ≠ 0 by Proposition 1.10. This contradicts that Up ≡ ψ(p) mod mΛ ⋅ T splitρ
since the image of χR(Frobp) under (32) is Up. Finally, this shows that Up(F) −Up(Θψ) /≡ 0
mod Xr. 
Theorem 4.7. Assume that L-(ψ-) ≠ 0. Then Tsplit[Up] = Λψ ×Qp (R⊥ ×Qp[X]/(Xr−1) Λψτ ).
(i) If moreover 0 ≠ L-(ψτ- ) ≠ −L-(ψ-), then
Tsplit = {(a, b, c) ∈ Λψ ×Qp Λ ×Qp Λψτ ∣ (L-(ψ-) +L-(ψτ- )) b′(0) = L-(ψτ- )a′(0) +L-(ψ-)c′(0)} .
(ii) If moreover L-(ψτ- ) = 0, then e = 1, r ⩾ 3 and there exists ξ ∈ Q×p such that
Tsplit = {(a, b, c) ∈ Λψ ×Qp (Λ ×Qp[X]/(Xr) Λψτ ) ∣ (b − c)(r−1)(0) = ξ ⋅ (a − b)′(0)} .
(iii) If moreover L-(ψτ- ) = −L-(ψ-), then e ⩾ 2 = r and there exists ξ ∈ Q×p such that
Tsplit = {(a, b, c) ∈ Λψ ×Qp R⊥ ×Qp Λψτ ∣ b′(0) = ξ ⋅ (a − c)′(0)} .
Proof. According to Propositions 3.2 and 4.4 and 4.5 one knows that Tsplit is a Λ-sub-
algebra of the amalgamated product A = Λψ ×Qp (R⊥ ×Qp[X]/(Xr−1) Λψτ ) surjecting to each
two amongst the three factors. Hence (X2,0,0) ∈ Tsplit and
Λψ ×Qp[ǫ]
(R⊥ ×
Qp[X]/(X
r−1) Λψτ ) ⊂ Tsplit.
Since Tsplit ⫋ Tsplit[Up] ⊂ A one deduces that mTsplit is given by the kernel of a linear form on
the amalgamated product mA taking valued in Qp, which we will determine as precisely as
possible in each case. Since we know by Theorem 3.3(i) that Up ∉ Tsplit, we deduce that the
above linear form is non-zero and that Tsplit[Up] = A, proving the first part of the theorem.
Let us not write an equation for mTsplit in each case.
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(i) One sees exactly as in [6] thatmTsplit ⊃ (m2Λ)3. Moreover the image of mTsplit in (mΛ/m2Λ)3
is necessarily a plane (as it surjects onto any two amongst the three factors). The precise
equation follows from (17) and Proposition 3.2, in view of (20).
(ii) In this case L-(ψτ- ) = 0 ≠ L-(ψ-), hence e = 1 and mTsplit contains the elements(X,X,X), (X2,0,0) and (0,Xr ,0), generating an ideal which has co-dimension 2 in the
Qp-vector space of mA. Again the surjectivity onto each two amongst the three factors shows
that mTsplit has co-dimension 1 in mA, hence satisfies a linear equation of the desired form.
(iii) We leave its proof, which is very similar to the above case, to the interested reader. 
Theorem 4.8. One has C0ψ = (X) if, and only if, L-(ψ-) ≠ 0. More precisely
(i) If L-(ψ-) ⋅L-(ψτ- ) ≠ 0, then T = Λψ ×Qp R⊥ ×Qp R⊥ ×Qp Λψτ .
(ii) If L-(ψτ- ) = 0, then T = Λψ ×Qp (Λ[Z]/(Z2 −Xr) ×Qp[X]/(Xr−1) Λψτ ) where r ⩾ 2 and
the projection Λ[Z]/(Z2−Xr)↠ Qp[X]/(Xr−1) is modulo the non-principal ideal (Z,Xr−1).
Proof. The claim about the congruence ideal would follow from (i) and (ii). Part (i) follows
directly from Theorems 4.7(i)(iii) and 3.14, so it remains to show (ii).
By Theorem 4.7(ii) it suffices to show that (0,Z,0) ∈ T . Since L-(ψ-)+L-(ψτ- ) ≠ 0 in this
case, we have R⊥ = Λ. Recall the involution ι of R̃⊥ fixing R⊥ = Λ and sending Z to −Z.
For all γ ∈ ΓK one has
(34) ι ○ tr(ρ˜⊥R)(γτ) = tr(ρ˜⊥R ⊗ ǫK)(γτ) = − tr(ρ˜⊥R)(γτ),
hence tr(ρ⊥R)(γτ) ∈ Z ⋅ Λ. Finally, Proposition 3.13 implies that the Λ-sub-module of R̃⊥
generated by tr(ρ˜⊥R)(τΓK) contains Z. 
We conclude this subsection by determining the congruences ideal between F and Θψ.
Corollary 4.9. (i) If L-(ψ-) ≠ 0, then congruence ideal between F and Θψ is given by
(Y ) ⊂R⊥ = Qp⟦Y ⟧, if r ⩾ 2 is even, and by (Y,Z) ⊂ R̃⊥ =R⊥[Z]/(Z2 − Y r), if r ⩾ 3 is odd.
(ii) Assume that L-(ψ-) = 0. The congruence ideal between F and Θψ is given by (X r2 ) ⊂
R⊥ = Λ, if r ⩾ 4 is even, and by (Xr−1,Z) ⊂ R̃⊥ = Λ[Z]/(Z2 −Xr), if r ⩾ 3 is odd.
4.3. The Katz p-adic L-function at s = 0. Given an ideal c of K relatively prime to p,
Katz constructed a measure µc on the ray class group C ℓK(p∞c) whose value on (the p-adic
avatar of) a Hecke character ϕ of conductor dividing c and infinite type (k1, k2) ∈ Z⩾1 × Z⩽0
is given by (see [5, Theorem 3.1] based on [28] and [13]):
(k1 − 1)!( Ωp
Ω∞
)k1−k2 (
√
D
2π
)
k2 (1 − ϕ−1(p¯))(1 − ϕ(p)p−1)Lc(ϕ−1,0), where
Ω∞ (resp. Ωp) is a complex (resp. p-adic) period of the CM elliptic curve attached to c¯
−1.
The above interpolation formula uniquely characterizes µc as these characters are Zariski
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dense in SpecO⟦C ℓK(p∞c)⟧. It does not apply however to finite order characters as their
infinity type is (0,0).
The Katz p-adic L-function of a finite order non-trivial anti-cyclotomic character ϕ of
conductor dividing c, is defined as the following continuous function on Z2p
Lp(ϕ, sp, sp¯) = µc(ϕεspp εsp¯p¯ ),
where εp is the character defined in (21) and εp¯ = ετp . In other terms, Lp(ϕ, sp, sp¯) is the
p-adic Mellin transform of the push-forward of µc by C ℓ
(p)
K (p∞c)/ tor ↪Wp ×Wp¯. Since the
function s↦ zsp is equal to the analytic function expp(s ⋅ p−h logp(1 + 2p)) on phZp, and since
C ℓ
(p)
K (p∞)/ tor ↪Wp ×Wp¯ ∼Ð→ p−hZp × p−hZp consists of pairs with difference in Zp, it follows
that Lp(ϕ, sp, sp¯) is analytic on the subset of (sp, sp¯) ∈ Z2p such that sp+sp¯ ∈ phZp, in particular
it is locally analytic at (0,0).
Furthermore Katz constructed a 1-variable improved p-adic L-function L∗p(ϕ, s) such that
(35) Lp(ϕ, s,0) = (1 − (ϕ−1ε−sp )(p¯)) ⋅L∗p(ϕ, s),
(see [28, §7.2]) and proved a p-adic analogue of the Kronecker’s Second Limit Formula
(36) L∗p(ϕ,0) = −(1 −ϕ(p)p−1) ⋅ logp(uϕ).
(see [28, Cor.10.2.9], [27, Thm.1.5.1]), where uϕ ∈ (OH[c−1]× ⊗ Q)[ϕ] = (O×H ⊗ Q)[ϕ] is a
specific unit, defined using Robert units (see [27, (1.5.5)]).
Remark 4.10. Assume the Heegner hypothesis for the ideal c, i.e, OK/cOK ≃ Z/CZ and that
D ≠ 3,4. Let Y1(C)/Q be the open modular curve of level C, ζ be a C-th root of the unity
and gζ(q) = q 112 (1 − ζ)∏n>0(1− qnζ)(1− qnζ−1) ∈ O(Y1(C))× be the Siegel unit associated to
ζ. The theory of Complex Multiplication implies that the elliptic curve (C/c¯−1,C−1) defines
a point of Y1(C) over the ray class field Kc of conductor c of K. The evaluation of the Siegel
units gζ(q) at this point is an elliptic unit uζ,c ∈O×Kc , which can be used to define uϕ.
Suppose that ϕ(p) = 1. The Euler factor (1 −ϕ(p)) in (35) vanishes yielding a trivial zero
(37) Lp(ϕ,0,0) = 0.
Note that since logp(uϕ) ≠ 0 by the Baker-Brumer Theorem, a trivial zeros of the Katz p-adic
L-function at (0,0) can occur only in this case.
Remark 4.11. When ϕ is trivial, a case considered in [6] which we have excluded from the
present paper, then one has Lp(1,0,0) = −12 (1 − p−1) logp(up¯) ≠ 0, where up¯ is a p¯-unit of K
of minimal valuation. Note that there is no improved p-adic L-function is that case.
A first insight into what should be the leading term of Lp(ϕ, sp, sp¯) at the trivial zero point
Lp(ϕ,0,0) = 0, is obtained by differentiating (35)
(38)
∂Lp(ϕ)
∂sp
(0,0) = −ϕ(p¯)ηp(Frobp¯) ⋅L∗p(ϕ,0) = L (1) ⋅L∗p(ϕ,0)
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To gain further intuition about the linear term, we consider the Katz anti-cyclotomic p-adic
L-function L−p(ϕ, s) = Lp(ϕ, s,−s).
Since ϕ is anti-cyclotomic of finite order, there exists a finite order Hecke character ψ
which can be chosen to have conductor cψ relatively prime to p, such that ϕ = ψ- = ψ/ψτ .
Let ζ−ψ- ∈ Λp be the formal power series corresponding to the the push-forward of µc by
C ℓK(p∞cψ) z→z/zτÐÐÐÐ→ C ℓK(p∞cψ)↠ C ℓK(p∞cψ) πψÐ→ Λ×p ,
where πψ is defined in §3.1. By definition (εsp)(ζ−ψ-) = µcψ- (ψ-εspε−sp¯ ) = L−p(ψ-, s) is analytic
in s ∈ Zp. The vanishing (37) of L−p(ψ-,0) implies ζ−ψ- ∈ ker (O⟦Wp⟧ [w]↦[1]ÐÐÐÐ→O), hence the
image of ζ−ψ- under the localization morphism O⟦Wp⟧↪ Λ lands in (X).
Theorem 4.12 (Hida-Tilouine). The anti-cyclotomic p-adic L-function ζ−ψ- divides the gen-
erator of the congruence ideal C0ψ in Λ.
Proof. Recall from §3.1 the one variable Iwasawa algebra Λp = O⟦Wp⟧ and the Hecke character
λψ,k corresponding to the classical theta series θψ,k which is the specialization in weight
k ∈ Z≥1 of the CM Hida family Θψ.
Let Hψ ∈ Λp be a generator of the congruence ideal attached to Θψ introduced by Hida
and Tilouine in [26, (6.9)]. Given a Hecke finite order character φ of K having a prime to p
conductor cφ and taking values in O, Hida constructed in [25, Thm.I] an element D of the
fraction field of Λp⊗̂Λp such that Hψ ⋅D ∈ Λp⊗̂Λp, satisfying for all k > l ⩾ 2 the interpolation
(39) (εk−1p , εl−1p )(D) ≈ Dp(1 +
k−l
2
, θψ,k, θ
τ
λφ,l
)
(θψ,k, θψ,k) ≈
L(0, λφ,lλ−1ψ,k)L(0, λτφ,lλ−1ψ,k)
L(0, λτ
ψ,k
λ−1
ψ,k
) ,
up to a factor made explicit in [25, Thm.I], where Dp is the Rankin-Selberg convolution
without Euler factors at p and (θψ,k, θψ,k) is the Petersson inner product.
Let L1 (resp. L2, L
−
ψ) be the unique element of Λp⊗̂Λp whose specialization at (εk−1p , εl−1p )
is given by the value µcψ/φ(λψ,k ⋅(λφ,l)−1) (resp. µcψ/φτ (λψ,k ⋅(λτφ,l)−1), µc-(λψ,k ⋅(λτψ,k)−1)) of
the Katz p-adic measure. Note that the measure used in [26] differs from µc by the involution
g ↦ g−1 of C ℓK(p∞c). Note also that by definition L−ψ and Hψ are elements of the embedding
of Λp in Λp⊗̂Λp via the first coordinate.
Let Ψ ∈ Λp⊗̂Λp be the Euler product defined in [26, p.249 bottom]. By comparing their
respective specializations at each k > l ⩾ 2, Hida and Tilouine showed in [26, Thm.8.1]
that the two elements Hψ ⋅ D and
ΨL1L2Hψ
L−
ψ
differ by a unit, i.e. their quotient belongs to
(Λp⊗̂Λp)[1/p]×. The divisibility L−ψ ∣ Hψ in (Λp⊗̂Λp)[1/p] (hence in Λp[1/p]) follows from
[26, Thm.8.2] where it is shown that L1,L2 and Ψ are all relatively prime to L
−
ψ.
The ideal C0ψ, resp. (ζ−ψ-), of Λ is the localization of (Hψ), resp. L−ψ at the height one
prime ideal (X) of Λp corresponding to f , hence the theorem.
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Alternatively, as we are only interested at establishing this divisibility in Λ (i.e. after
localizing at (X)), we can instead argue as follows. Choosing φ such that φ(p¯) ≠ 1 ≠ φ(p),
the formulas (35) and (36) imply the non-vanishing of L1 and of L2 when evaluated at
k = l = 1, and the same is true for Ψ by the explicit formula defining it. 
The description of the congruence ideal in Theorem 4.8 has the following consequence.
Corollary 4.13. Assume that L-(ϕ) ≠ 0. Then C0ψ = (ζ−ψ-) = (X), in particular, the order
of vanishing of the anti-cyclotomic Katz p-adic L-functions L−p(ϕ, s) at s = 0 is 1.
This relates conjecture of Hida on the p-adic adjoint L-function of the CM family Θψ (see
[26, Conjecture, p.192]) to the well established Four Exponentials Conjecture in Transcen-
dence Theory, and shows that it holds for more than half of the characters, i.e., for at least
one in each couple {ψ-, ψτ- }.
Combining Corollary 4.13 with (38) leads us to propose the following formula:
(40) Lp(ϕ, sp, sp¯) ?= (L (1) ⋅ sp + (L (ϕ) −L (1)) ⋅ sp¯) ⋅L∗p(ϕ,0) + higher order terms.
or equivalently, using Katz cyclotomic p-adic L-function Lp(ϕ, s) = Lp(ϕ, s, s), the formula:
(41) Lp(ϕ, s) ?= (1 − p−1)
ordv0(τ(up¯,ϕ))
RRRRRRRRRRR
logp(up¯,ϕ) logp(uϕ)
logp(τ(up¯,ϕ)) logp(τ(uϕ))
RRRRRRRRRRR ⋅ s +O(s
2).
Remark 4.14. Benois has formulated (see [4]) a very precise conjecture on trivial zeros in a
generality that covers the case of rank 2 Artin motives which are not critical in the sense
of Deligne. His definition of a cyclotomic L -invariant depends on a choice of a regular
sub-module which, in the case of a Galois representation which is locally scalar at p, can
be arbitrarily chosen. We expect however that there should exist a choice for which (41)
concords with his conjecture. Let us also mention a recent work [8] of Bu¨yu¨kboduk and
Sakamoto on the leading term using methods completely different from ours.
For the rest of this section we assume that ϕ = ψ- is quadratic and we will check the
compatibility between (41) and the Greenberg-Ferrero formula [16]. Denote by F = Q(√d)
the real quadratic subfield of H and by K ′ ≠K its other imaginary quadratic subfield. Recall
Gross’s factorization of the Katz cyclotomic p-adic L-function as product of two Kubota-
Leopoldt p-adic L-functions (see [19], and also [18] for an arbitrary conductor)
(42) Lp(ϕ, s) = Lp(ǫK ′ ⋅ ωp, s)Lp(ǫF ,1 − s),
where ωp is the Teichmu¨ller character. Then Lp(ǫK ′ ⋅ ωp, s) has a trivial zero at s = 0 and
L′p(ǫK ′ ⋅ ωp,0) = −L (ǫK ′)L(ǫK ′ ,0),
where L (ǫK ′) is the cyclotomic L -invariant of the odd Dirichlet character ǫK ′ (see [6, (15)]),
which turns out to be equal to L (ϕ). By the Class Number Formula L(ǫK ′,0) = hK′∣O×
K′ /{±1}
∣ .
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On the other hand, Leopoldt’s formula yields that
Lp(ǫF ,1) = −(1 − p−1) d∑
a=1
ǫF (a) logp(1 − ζad).
Since ∑da=1 ǫF (a) logp(1 − ζad) ∈ O×F [ǫF ] ⊂ O×H[ϕ] it follows that (41) holds, at least up to a
multiplication by an element of Q×, in this case.
5. An R = T modularity lifting theorem for non-Gorenstein local rings
The goal of this section is to introduce a universal ring R△ representing deformations of
ρf which are “generically ordinary”, and to show that R
△
red
≃ T .
5.1. Ordinary framed deformations of a 2-dimensional trivial representation. The
deformation functor D◻loc associating to A in C the set of framed deformations ρA ∶ ΓQp →
GL2(A) of 12 is representable by R◻loc together with ρ◻ ∶ ΓQp → GL2(R◻loc).
Recall that ρA ∈ D◻loc(A) is ordinary if and only if, there exists a ΓQp-stable direct factor
V ′A ⊂ VA = A
2 of rank 1 over A and such that ΓQp acts on V
′′
A = VA/V ′A ≃ A by an unramified
character χA. However “being ordinary” is not a deformation condition on D
◻
loc, since it does
not satisfy the Schlessinger Criterion (see for example [17, §3.1]).
Recall that the for any Qp-scheme S, an S-point of P
1 is an invertible OS-sub-module
FilS ⊂ O2S which is locally a direct summand. We introduce a variant, when the residual
characteristic is 0, of a functor defined in [17, §3.1].
Proposition 5.1. Let D△
loc
be the subfunctor of P1 ×
Qp
R◻loc⟦U⟧ whose A-points correspond
to a filtration FilA ∈ P1(A) and a morphism πA ∶ R◻loc⟦U⟧ → A, such that FilA is ΓQp-stable
for the action on VA defined via R
◻
loc → R
◻
loc⟦U⟧ πAÐ→ A and moreover VA/FilA is unramified
with Frobp acting by φA = πA(1 +U) ∈ A×.
The functor D△
loc
is representable by a closed subscheme X ⊂ P1 ×
Qp
R◻loc⟦U⟧.
Proof. See [17, Lemma 3.1.1]. 
Let SpecR△
loc
⊂ SpecR◻loc⟦U⟧ be the scheme theoretical image of X under the second
projection pr2 ∶ P
1
×
Qp
R◻loc⟦U⟧ → SpecR◻loc⟦U⟧ (i.e., SpecR△loc is the Zariski closure of
pr2(X)). Since P1 is proper (hence universally closed) over Qp and X is a closed subscheme
of P1 ×
Qp
R◻loc⟦U⟧, the natural morphism pr2 ∶ X→ SpecR△loc is surjective.
(43) X
pr2


  // P1 ×
Qp
R◻loc⟦U⟧
pr2


Spec(R△
loc
)   // Spec(R◻loc⟦U⟧).
We denote by φ ∈ (R△
loc
)× the image of (1+U) under the canonical surjection R◻loc⟦U⟧↠R△loc.
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5.2. Generically ordinary deformations of ρf . Let (e1, e2) be a basis of Q2p where ρf ∣ΓK =(ψ 00 ψτ ). Let ρuniv ∶ ΓQ → GL2(Runivρf ) be the universal deformation of ρf .
Let R△ = R△
loc
⊗̂R◻
loc
Runivρf and ρ
△
R ∶ ΓQ → GL2(R△) be the corresponding universal defor-
mation, where the natural morphism R◻loc →R
univ
ρf
arises from (ρuniv∣ΓQp)⊗ ψ−1.
We show in the following lemma that the schematic points of SpecR△ correspond to
ordinary representations.
Lemma 5.2. Let x ∶R△ → L be a point over a field L. Then the corresponding representation
ρx ∶ ΓQ → GL2(L) has an unramified rank 1 ΓQp-quotient on which Frobp acts by x(φ⊗1) ∈ L×.
Proof. By definition of R△, x yields a point y ∶ R△
loc
→ L such that y(φ) = x(φ ⊗ 1) ∈ L×.
Since pr2 ∶ X → SpecR
△
loc
is surjective, we can lift y to y′ ∈ X(L′), with L′ a field containing
L. By Proposition 5.1, (ρx ⊗L L′)∣ΓQp stabilizes a line FilL′ ⊂ VL′ and acts on the quotient
VL′/FilL′ by an unramified character sending Frobp to pr2(y′)(φ) ∈ (L′)×.
The commutativity of the diagram (43) implies that pr2(y′)(φ) = y(φ) ∈ L, and therefore
FilL′ has an L-rational basis, and Frobp acts on the quotient by x(φ⊗ 1) as requested. 
5.3. Modularity in the non-Gorenstein case. Recall that T denotes the completed local
Λ-algebra of E at f . The restriction of the deformation ρT ∶ ΓQ → GL2(T ) to ΓQp yields a
natural morphism R◻loc⟦U⟧→ T sending ψ(p)(1+U) on Up. Moreover, ρT ⊗Q(T ) is ordinary
at p, yielding a Q(T )-point of X, hence, in view of (43), we have a following commutative
diagram
R◻loc⟦U⟧

// // R
△
loc

zz✉
✉
✉
✉
✉
✉
T
  // Q(T )
Since T is reduced, the above diagram can be commutatively completed with a morphism
R
△
loc
→ T . Finally, by 23 there exists a homomorphismRunivρf → T and since T is topologically
generated over Λ by the image of tr(ρuniv) and by Up, we obtain a natural surjective Λ-algebra
homomorphism
(44) R△↠ T .
Theorem 5.3. The morphism (44) induces an isomorphism R△
red
∼
Ð→ T , where R△
red
is the
nilreduction of R△. In particular R△ is equidimensional of dimension 1.
Proof. It suffices to show that for every minimal prime ideal q of R△ there exists a surjective
homomorphism T ↠ R△/q of R△-algebras. In fact, it will then follow that the kernel of
R△ ↠ T is contained in the nilradical of R△ (which is given by the intersection of its
primes). Since T is reduced, the desired isomorphism R△
red
∼
Ð→ T would follow.
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To prove the above claim, we let A = R△/q ≠ Qp and consider the the push-forward
ρA ∶ ΓQ → GL2(A) of ρ△R along R△ ↠ A. Since Q(A) is a field, Lemma 5.2 implies that
ρA ⊗Q(A) has an unramified free rank 1 ΓQp-quotient on which Frobp acts by the image of
φ⊗ 1 in A×. Note that ρA need not be p-ordinary a priori (a posteriori this will be the case
when A is a discrete valuation ring). One distinguishes two cases:
● ρA∣ΓK is reducible. Exactly as in the proof of Proposition 3.2 one shows that ρA ≃
IndQ
K
ψA, where ψA ∶ ΓK → A
× is a character lifting ψ. The p-ordinariness of ρA ⊗ Q(A)
implies that ψ−1ψA is equal either to χp or to χ
τ
p . In both cases T ↠ A = Λ.
● ρA∣ΓK is irreducible. As in Proposition 3.6, one may construct a point of D
⊥(A), i.e. a
homomorphism of integral domains R⊥ →A, which is necessarily injective as R⊥ is a discrete
valuation ring. It follows from Theorem 3.14 that either A ≃ R⊥ when r is even, or A ≃ R̃⊥
when r is odd, hence in all cases T ↠ T ⊥↠A. 
The following lemma in commutative algebra justifies the title of the section.
Proposition 5.4. The dimension of the Qp-vector space T /(mΛ +m2T ) is 4.
The eigencurve E is not Gorenstein at f .
Proof. The 1-dimensional reduced local ring T is Gorenstein if, and only if, its quotient T /aT
by the regular element a = (X,Y,Y,X) is Gorenstein, whereR⊥ = Qp⟦Y ⟧, with Y e =X. Since
T /aT is Artinian, this is equivalent to its socle M = HomT (Qp,T /aT ) being 1-dimensional.
Assume first that L-(ψ-) ⋅L-(ψτ- ) ≠ 0. By Theorem 4.8 one has T = Λ×QpR⊥×QpR⊥×QpΛ
hence m2T = a ⋅ mT and M = mT /aT . It follows that dim(M) = dim(mT /(aT + m2T )) =
dim(mT /m2T ) − 1 = dim(mT /(mΛ +m2T )) = 3 > 1, hence T is not Gorenstein.
Assume next that L-(ψ-) ⋅L-(ψτ- ) = 0. Then T ≃ Λ ×Qp A, with
A = (Λ[Z]/(Z2 −Xr) ×
Qp[X]/(X
r−1) Λ) .
Since mA/m2A has Qp-basis ((X,X), (Z,0), (0,Xr−1)), one deduces that m2A = mΛmA and
m2T = mΛmT . Again M = mT /mΛT has dimension 3, hence T is not Gorenstein.
In both cases mT /(mΛ +m2T ) is 3-dimensional, hence T /(mΛ +m2T ) is 4-dimensional. 
We close this paper by establishing Conjecture 4.1 from [12] about the generalized eigenspace
S
†
1(N)⟦f⟧ = S†1(N)⟦mT ⟧ attached to f inside the space of weight 1, level N , ordinary p-adic
modular forms. To be precise, Darmon, Lauder and Rotger only consider the subspace
S
†
1(N)[m2T ]. The subspace of classical forms S1(Np)[m2T ] is two-dimensional having {f, θψ}
as basis, and a supplement of this space is given by the space S†1(N)[m2T ]0 of normalized
generalized eigenforms, i.e. forms having first and p-th Fourier coefficients both 0.
Corollary 5.5. The Qp-vector space S
†
1(N)[m2T ] has dimensions 4.
Moreover Conjecture 4.1 from [12] holds in the CM case, i.e. the two-dimensional vector
space S†1(N)[m2T ]0 is canonically isomorphic to H1(Q,ad0(ρf)).
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Proof. The first claim is merely a translation of the first claim of Proposition 5.4, in view of
the duality (25). It follows that dimS†1(N)[m2T ]0 = 4 − 2 = 2 and the conjecture then follows
from [3, Lemma 3.2] asserting that dimH1(Q,ad0(ρf)) = 2 as well. 
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